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Chapter 1
1.

INTRODUCTION

Target Tracking can be considered as a subsystem which forms part of a wider
system, and that performs tasks as surveillance, obstacle avoidance, or any other
similar function. Usually a target tracking system consist in one or more sensors and
one or more computer subsystems, which are responsible for conducting information
processing tasks in a centralized or decentralized way (this is the case of some
Wireless Sensor Networks).

The main objective of a target tracking system consists in updating the target state
estimate

�𝑘 based upon the observations 𝒛1:𝑘
𝒙

taken from the environment, where the

target state can be defined as a vector that summarizes the characteristics of the
target; this is, position, velocity, speed, acceleration, range, and so on.

The structure of a classical target tracking control system is shown in Fig.1.1 and it
consists in the following blocks:

•

Sensors. It can be formed by one or more sensor as has been said
before. These sensors can be Actives as laser sensors, and microwave
radar; or Passives as infrared (IR) sensors, electronic support measures
(ESM) sensors, acoustic sensors, and Electro-Optical (EO) sensors; but
1

the main, is that they provide signals to the signal processing
subsystem.
•

Signal Processing. This block receives signals, and it processes them
providing a measurement

𝒛𝑘 to

the tracking filter. In the case of radar

tracking systems, it is compound by a bank of matched filters whose
response is related with the Ambiguity Function (AF).
•

Tracking Filter. This is the tracker’s heart, which sequentially estimates
the probability density function 𝑝(𝒙𝑘 �𝒛1:𝑘 ), in order to provide an

•

�𝑘 of the target state.
estimate 𝒙

Control. This is in charge of deciding what to do for reducing the
knowledge uncertainty of the target state. It is normally implemented by

means of waveform libraries, routines to design the most appropriate
waveform, beamforming, pointing, or any other thing for minimizing the

•

conditional entropy 𝐻 (𝒙𝑘 |𝒛1:𝑘 ) in the next iteration.

Sensor Drive. It simply executes the action associated with the
command issued by the control. It can be a mechanic device for
changing the antenna pointing, or it is an electronic device in order to
modify the radiation pattern of the beam or to send the waveform
selected by the control.

𝑺𝑺𝑺𝑺𝑺𝑺𝑺

𝑺𝑺𝑺𝑺𝑺𝑺

𝑺𝑺𝑺𝑺𝑺𝑺
𝑷𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓

𝑺𝑺𝑺𝑺𝑺𝑺
𝑫𝑫𝑫𝑫𝑫

Figure 1.1:

𝑴𝑴𝑴𝑴𝑴𝑴𝑴𝑴𝑴𝑴𝑴𝑴

𝑪𝑪𝑪𝑪𝑪𝑪𝑪

𝑻𝑻𝑻𝑻𝑻𝑻𝑻
𝑻𝑻𝑻𝑻𝑻𝑻𝑻𝑻
𝑭𝑭𝑭𝑭𝑭𝑭

𝑪𝑪𝑪𝑪𝑪𝑪𝑪

𝑺𝑺𝑺𝑺𝑺
𝑬𝑬𝑬𝑬𝑬𝑬𝑬𝑬

General block diagram of a classical tracking control system.
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Note that we have used the term "classic" when the general structure of a tracking
control system has been defined. This is because nowadays there are other disciplines
that are attracting the attention of researchers who study radar tracking systems. For
this reason, we prefer to divide the tracking control systems in two main groups:

•

Classical tracking control systems: These systems are focused on
myopic, one-step-ahead, or greedy algorithms. It normally uses a
Kalman tracking filter (or any extension thereof) and a Measure of
Effectiveness (MOE), to decide the optimal waveform to be transmitted,
in the next instant. In others words, these systems try to minimize the
uncertainty in the target state estimation regardless what happens
further ahead.

•

Modern tracking control systems: These systems are focused on
non-myopic or multi-step-ahead algorithms as Reinforcement Learning
(RL), Q-learning and Partially Observable Markov Decision Process
(POMDP) which are commonly used in Artificial Intelligence (AI) field.
This approach usually has greater complications and computational
cost, than the one-step-ahead scheduling. The goal of these systems is
to minimize the uncertainty in the target state estimation, in a time
horizon which can be infinite.

No doubt there are others type of tracking control systems which has not been included
in prior classification. In this sense, there are systems based on particle filters or any
other technique that could be included in another group, between classic and modern
systems. Nevertheless, these particular cases are not treated in this work.

The Fig.1.2, Fig.1.3, and Fig.1.4 expose some real systems examples focused on
defense and surveillance applications, where the target tracking problem is of vital
importance.

3

Figure 1.2: InfraRed Imaging System – Tail/Thrust vector controlled (IRIS-T) is
an air-to-air short-range missile that has an IR head-seeker, which is immune to
flare countermeasures. It is the replacement of the Sidewinder missile (AIM-9).

Figure 1.3: This is the Northrop Grumman’s
AN/AAQ-24 Directional Infrared Countermeasures
(DIRCM). It is an aircraft laser device that is used in
order to saturate the IR-seeker of the missiles.

Figure 1.4: This is the LANZA radar system
supplied by INDRA to the Spanish Army. Some
of them are currently installed on Aerial
Surveillance Squads and are employed in
monitoring the airspace at the border of Spanish
territory. The top of the antenna is used as
Identification Friend or Foe (IFF) system, which
leads implemented ESM.
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1.1

OBJECTIVES

The main objectives that are proposed in this work are:

•

Mathematical study of the AF. This function will be used in order to
characterize the basic radar signals. The main goal at this point is to
understand the implications of each waveform selected for target state
estimation.

•

Both kinematic and observation models will be studied and analyzed for
being used in simulations of successive sections.

•

The purpose and operation of the tracking filters will be exposed. The
emphasis will be done on Kalman Filter (KF), and Extended Kalman Filter,
Unscented Kalman Filter (EKF).

•

The waveform libraries are needed because no radar is able to solve the
target tracking problem, using a single waveform in a changing
environment, and with sufficient accuracy. Therefore, as far as the library
design is concerned, the main is to avoid redundancies of waveforms, and
to include the most likely waveforms that will determine with greater
precision the state of the target.

•

It will be designed an optimal waveform selector for radar tracking based
upon myopic algorithms. Furthermore, several simulations will be carried
out in order to study its main features.

• Another waveform selector based on non-myopic algorithms will be
developed too. Regarding this point, we will have to explain both MDP as
PODMP, before delving into models in which rewards are functions of the
belief, as happens in this particular stochastic problem. The development
of new software will be required to achieve this goal, because there are
neither free nor commercial software to verify the validity of these results.

5

1.2

STRUCTURE

Apart from the introduction, this paper is structured as follows:

•

Chapter 2: No radar station can effectively address the general problem
of target tracking using a single waveform; so some questions arise: what
signal to use?, and as far as detection and tracking are concerned, what
advantages and disadvantage have some signals over others?. This
chapter introduces the concept and main properties of AF, which will be
applied to different basic radar signals in order to answer the previously
mentioned questions.

•

Chapter 3: In this chapter, problems about radar signals and selection
thereof are in second plane. We will assume that mathematical equations
that model the stochastic kinematic behavior of a target are available.
Furthermore, we will suppose that sensors to measure some of the target
state variables are available too. Based on these assumptions, this
chapter presents the tracking filters most widely used in the literature as
KF, EKF and their limitations.

•

Chapter 4: This chapter introduces the problems and most important
aspects to consider in the design of the waveform libraries. Moreover, the
acquired background from previous chapters, will allow us to make a
design of an optimal waveform selection control, based upon myopic or
one-step-ahead algorithms.

•

Chapter 5: The objective is the same as in previous chapter, to design an
optimal waveform selector; but now, this will be based upon non-myopic
or multi-step-ahead algorithms. This chapter will include the description of
MDPs, POMDPs and reward models based upon the belief.

•

Chapter 6: It collects the most important conclusions of this study and
proposes future research.

6

Chapter 2
1.

BASIC

PRINCIPLES

OF

RADAR.

AMBIGUITY FUNCTION

2.1

INTRODUCTION
In radar systems, the echo received from a particular target is a replicate

of the transmitted waveform [1]. Firstly, it is time delayed according to the
distance between the target and the radar station. Secondly, it is attenuated due
to the distance referred before, the carrier frequency; and only because just a
fraction of the energy is scattered according to the radar cross section of the
target. Furthermore, the echo is Doppler shifted because of the relative velocity
between the target and the radar station. Finally it will be embedded in additive
noise and returns from others scatters, jamming.

As far as the state of the target is concerned, at least to get information about
its range and velocity is necessary. Obviously the unique way of knowing this
information is studying the echo signal. The time delay and the Doppler shift of
the echo will provide information about the range and the velocity of the target,
thus a bank of matched filters corresponding to these intervals will be used for
this purpose. The goal of matched filters consists in minimizing the added noise
7

by the transmission medium and electronic processing in order to maximize the
signal-to-noise ratio (SNR).

The AF is going to be studied in this chapter, and its most important properties
will be exposed too. Later, the AF will be used as a tool for studying the most
important characteristics of some radar signals. Thereby the performance of
each signal will be evaluated in order to select the best one for the state
estimate of a particular target.

2.2

AMBIGUITY FUNCTION

The narrowband AF was introduced by P.M. Woodward in 1953. Since then, the
role of the AF and its application in agile waveform design have been studied in a
deeply sense. Some relevant examples are the works of Benedetto, Donatelli,
Bourouihiya, Konstantinidis, Okoudjou, Kebo, and Dellomo on periodic CAZAC
waveforms [2, 3, 4]. Later, other work on Phase-Coded waveforms, were carried out by
Benedetto, Konstantinidis, and Rangaswamy [5]. Furthermore, the properties of the
Multiple-Input-Multiple-Output (MIMO) radar AF and optimization using frequencyhopping were studied by Chen, and Vaidyanathan in [6, 7]. Adaptive design of
Orthogonal Frequency Division Multiplexing (OFDM) radar signal was dealt by Sen,
and Nehorai in [8] too.

The AF of the transmitted and received signals can be defined as a function of time
delay and Doppler shift. In order to be more precise, when the filtering kernel used by
the receiver is different from the transmitted signal, this is referred as the cross AF. On
the other hand, when the filtering kernel and transmit signal are the same, this filtering
process is called matched filtering and its result is the auto-AF [9].

For simplicity, only the auto-AF will be treated in this chapter; and henceforth, the
concepts of AF and auto-AF will be treated without any distinction. Its properties will be
8

exposed and it will be applied to the radar signals most commonly used. Moreover,
neither attenuation nor noise will be considered so the AF definition followed in this text
is [10]:
∞

𝜒(𝜏, 𝜈) = ∫−∞ 𝑢(𝑡)𝑢∗ (𝑡 + 𝜏)𝑠 −2𝑗𝜋𝜈𝑡 𝑑𝑡

(2.1)

where 𝑢 is the complex envelope of the transmitted signal, 𝜏 and 𝜈 are

respectively the delay and the Doppler shift of the received signal; and the symbol ∗

means conjugate.

2.3

PROPERTIES OF THE AMBIGUITY FUNCTION

The AF has mainly six properties. These are:

•

Property 1: The AF reaches the maximum at (0,0) thus |𝜒(𝜏, 𝜈)| ≤
|𝜒(0,0)| ∀𝜏, 𝜈𝜖ℜ; and |𝜒(0,0)| = 1 if the AF is normalized to unity.

•

Property 2: The volume of the AF is constant; and its value is equal to
one if, as in the previous case, it is normalized to unity.
∞

∞

∫−∞ ∫−∞|𝜒(0,0)|2 𝑑𝜏𝑑𝜈 = 1
•

(2.2)

Property 3: The AF is symmetric with respect to the origin so it is
sufficient to study and plot only two adjacent quadrants of it.
|𝜒(𝜏, 𝜈)| = |𝜒(−𝜏, −𝜈)|∀𝜏, 𝜈𝜖ℜ

•

(2.3)

Property 4: A linear frequency modulation (LFM) produces the next
effect:

9

If 𝑢2 (𝑡) = 𝑢1 (𝑡)𝑠 −𝑗𝜋𝑘𝑡

2

and 𝑢1 (𝑡) ⟺ 𝜒1 (𝜏, 𝜈), 𝑢2 (𝑡) ⟺ 𝜒2 (𝜏, 𝜈)
2

thus 𝜒2 (𝜏, 𝜈) = 𝜒1 (𝜏, 𝜈 − 𝑘𝜏)𝑠 −𝑗𝜋𝜏 .
•

Property 5: The zero-Doppler of the AF, known as Range Window for a
matched filter receiver, is the autocorrelation function (ACF) of the
complex envelope 𝑢(𝑡).

∞

𝜒(𝜏, 0) = ∫−∞ 𝑢(𝑡)𝑢 ∗ (𝑡 + 𝜏) 𝑑𝑡 = 𝑅(𝜏) = 𝑅(−𝜏)

(2.4)

Do not forget ACF is an even function, and the Fourier Transform of
ACF, is the Power Spectral Density (PSD) of 𝑢(𝑡).
∞

𝑆(𝜔) = ∫−∞ 𝑅(𝜏)𝑠 −𝑗𝜔𝜏 𝑑𝜏

•

(2.5)

Property 6: The zero-delay cut is the Fourier Transform of the
magnitude squared of the complex envelope 𝑢(𝑡); so this cut, is
indifferent to any phase or frequency modulation. It is a function only of
the amplitude.
∞

𝜒(0, 𝜈) = ∫−∞|𝑢(𝑡)|2 𝑠 2𝑗𝜋𝜈𝑡 𝑑𝑡

2.4

(2.6)

BASIC RADAR SIGNALS

In this section, the definition and properties of the AF previously studied will be
applied to some basic radar signals. These are: a constant-frequency pulse, a linear
frequency-modulated (LFM) pulse, a coherent train of unmodulated pulses, a coherent
train of LFM pulses, and a stepped-frequency train of LFM pulses. The aim now, is to
understand how the selection of a waveform and the modification of its parameters,
can affect to the state estimate of a target.
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2.4.1 Constant–Frequency Pulse
The complex envelope of a constant-frequency pulse appears in Fig. 2.1
and is given by
𝑢(𝑡) =

1

√𝑇

𝑡

𝑇𝑠𝑠𝑡 � �
𝑢(𝑡)

Figure 2.1:

−

(2.7)

𝑇

1

√𝑇

𝑇
2

𝑇
2

𝑡

Complex envelope of a constant-frequency pulse

The AF of this pulse can be obtained applying directly (2.1):

𝜒(𝜏, 𝜈 ) = 𝑠 −𝑗𝜋𝜈|𝜏| �1 −

|𝜏|
𝑇

� 𝑆𝑤𝑛𝑠 �𝜈𝑇 �1 −

|𝜏|
𝑇

��

(2.8)

The first two quadrants of the AF of a constant-frequency pulse of length T=1
sec, is plotted in Fig.2.2.
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Figure 2.2:

Ambiguity function of a constant-frequency pulse T=1 sec.

The zero-delay cut (2.9) and the zero-Doppler cut (2.10) are plotted in Fig.2.3
and Fig.2.4 respectively. These can be obtained by setting
in (2.8):

𝜒(0, 𝜈) = 𝑆𝑤𝑛𝑠(𝜈𝑇)
𝜒(𝜏, 0) = �1 −

12

|𝜏|
𝑇

�

𝜏 = 0 and 𝜈 = 0

(2.9)
(2.10)

Figure 2.3:

Zero-delay cut of the AF of a constant-

frequency pulse T=1 sec.

Figure 2.4:

Zero-Doppler cut of the AF of a constant-

frequency pulse T=1 sec.

All in all, expression (2.10) reaches zero by setting 𝜏 = 𝑇 (delay resolution); in

the same way it can be observed that equation (2.9), will be zero if 𝜈 =

1

𝑇

(Doppler resolution). This means that using a constant-frequency pulse, there
will be always a trade-off between the delay resolution and the Doppler
resolution fixed by the value of the length 𝑇. Therefore, given a particular pulse
13

or waveform, its parameters can be modified in order to achieve an
improvement in Doppler resolution, at expense of losing delay resolution and
vice versa.

2.4.2 Linear Frequency-Modulated Pulse (LFM Pulse)
The key idea consists of using a signal which sweeps a bandwidth 𝐵, in

a linear way during an interval of time 𝑇 (Fig. 2.5). The complex envelope of the
mentioned signal is

𝑢(𝑡) =

1

√𝑇

𝑡

𝐵

2

𝑇𝑠𝑠𝑡 � � 𝑠 −𝑗𝑘𝑡 , 𝑘 = ± , 𝐵 > 0
𝑇

𝑢(𝑡)

−

𝑇
2

1

√𝑇

𝑇
2

Figure 2.5:

(2.11)

𝑇

𝑡

LFM Signal.

The AF of a LFM signal, can be obtained easily applying property 4 commented
before, in the expression (2.7).

𝜒(𝜏, 𝜈) = 𝑠 −𝑗𝜋𝜈|𝜏| �1 −

|𝜏|
𝑇

� 𝑆𝑤𝑛𝑠 �𝑇(𝜈 − 𝑘𝜏) �1 −

|𝜏|
𝑇

��

(2.12)

The AF of a LFM pulse of length T=1 sec and B=10 Hz, is plotted in Fig.2.6.
The sign of the frequency slope 𝑘, fixes the type of ridge of the AF. If the
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frequency slope is positive, the ridge will appears in the first and third quadrants
of the AF; on the contrary, if the frequency slope is negative, the AF will present
a ridge in the second and fourth quadrant (this is the case of Fig.2.6).

Figure 2.6:

Ambiguity function of a LFM pulse T=1 sec,

B=10 Hz.

As for the zero-delay cut of a LFM pulse, note that its expression is given by
(2.9); thus the Doppler resolution of a LFM pulse, is the same than the constantfrequency pulse is.

The zero-Doppler cut of the AF is shown in Fig 2.7 and its expression is (2.13).
Note that for a large time-bandwidth product (𝑘𝑇 2 = 𝐵𝑇 ≫ 4) the first null occurs
at

𝜏=

1
1
=
|𝑘|𝑇 𝐵

15

Therefore LFM has improved the range resolution of the signal by a factor equal
to the time-bandwidth product. Nevertheless as seen fin Fig. 2.7, sidelobes
have appeared in the ACF.

𝜒(𝜏, 0) = �1 −

Figure 2.7:

|𝜏|
𝑇

� 𝑆𝑤𝑛𝑠 �−𝑘𝜏𝑇 �1 −

|𝜏|
𝑇

��

(2.13)

Zero-Doppler cut of the AF of a LFM

pulse T=1 sec, B=10 Hz.

The spectral efficiency of a constant-frequency pulse (T=1 sec) and a LFM
pulse (T=1 sec, B=10 Hz) are shown in Fig. 2.8. The power spectral density is
normalized to unity in both signals. Note that the spectral efficiency of a LFM
pulse improves as the time-bandwidth product increase, because its PSD is
more similar to a rectangular shape than a constant-frequency pulse is.

The improvement in delay resolution of a LFM pulse comes with a penalty due
to delay-Doppler coupling. This problem is expressed in Fig.2.6 by the diagonal
ridge. Note that according with the equation (2.12) and assuming a small
𝜈

Doppler shift 𝜈, the delay is shifted from the true value by 𝜏 = .This effect can
𝑘

make that targets with positive Doppler appear closer than their actual ranges.
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Also, note the decrease that occurs in the height of the ridge when the Doppler
frequency grows.

Figure 2.8:

PSD of unmodulated pulse and LFM

pulse T=1 sec, B=10 Hz.

2.4.3 Coherent Train of Identical Unmodulated Pulses
The complex envelope of a coherent pulse train (CPT) appears in Fig.
2.9 and its expression assuming N identical pulses is given by
𝑢𝑁 (𝑡) =

1

√𝑁

∑𝑁
𝑛=1 𝑢1 [𝑡 − (𝑛 − 1)𝑇𝑟 ]

(2.14)

where 𝑢1 (𝑡) is (2.7), 𝑇𝑟 is the pulse repetition interval and its duty cycle

can be calculated as:

𝐷=

17

𝑇
𝑇𝑟

𝑢(𝑡)

0

𝑇

1

√𝑁

...

𝑡

(𝑁 − 1)𝑇𝑟

𝑇𝑟

Figure 2.9:

Envelope of a CPT

The AF of a train of N identical pulses is shown by the expressions:
𝜒𝑁 (𝜏, 𝜈) =
𝐹(𝜓) = 𝑠

𝑗

1
𝜒 (𝜏, 𝜈)𝐹(𝜓)
𝑁 1

𝑁−1
𝜓
2

(2.15)

𝑁𝜓�
2)
𝜓�
𝑆𝑤𝑛( 2)

𝑆𝑤𝑛(

𝜓 = 2𝜋𝜈𝑇𝑟

and 𝜒1 (𝜏, 𝜈) is the AF of an unmodulated pulse given by (2.8).
The normalized modulus of the AF of a train of six unmodulated pulses with a
duty cycle of 0.2 is plotted in Fig. 2.10. While |𝜏| ≤ 𝑇, the zero-Doppler cuts will
be the same as (2.8) divided by 𝑁, and the zero-delay cut is shown in Fig.2.11.

Note the great improvement in Doppler resolution gained by coherent
processing of 𝑁 pulses. However, the same conclusion than previous section
can be inferred; that means, the range (delay) and velocity (Doppler) resolutions
are tied by the duty cycle since 𝜈 =

1

𝑁𝑇𝑟

18

𝑇

, 𝜏 = 𝑇, and 𝐷 = .
𝑇𝑟

Figure 2.10: Ambiguity function of a CPT N=6, T=1 sec, D=0.2.

Figure 2.11: Zero-delay cut of the AF CPT N=6, T=1 sec, D=0.2.
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2.4.4 Coherent Train of LFM Pulses
The complex envelope of a coherent linear-frequency modulated pulses
train follows the same expression than (2.14), where 𝑢1 (𝑡) is given by (2.11).

𝑢(𝑡)

0

𝑇 𝑇𝑟

...

(𝑁 − 1)𝑇𝑟

𝑡

Figure 2.12: Coherent train of identical LFM
pulses.
The AF of a train of 𝑁 identical LFM pulses is given by the expression (2.15),
but now, 𝜒1 (𝜏, 𝜈) is equal to (2.12). An AF of six LFM pulses is plotted in
Fig.2.13.

Figure 2.13: Ambiguity function of a train of LFM pulses N=6, T=1 sec, D=0.2.
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Again a coherent train of LFM pulses produces an improvement of Doppler
resolution 𝜈 =

1

𝑁𝑇𝑟

; nevertheless, the delay resolution still remains the same as a

single LFM pulse.

2.4.5 Stepped-Frequency Train of LFM Pulses
Stepped frequency is mainly used in order to increase the bandwidth of a
coherent pulse train by means of the addition of a frequency step ∆𝑓 between
consecutive pulses. Note that the total bandwidth grows with ∆𝑓, thus an improvement
in range resolution is expected.

Only stepped-frequency train of LFM pulses is going to be explained in this
section; nevertheless, stepped-frequency of unmodulated pulses is applied too,
overall in those radar systems in which all the components cannot operate
properly over the entire bandwidth.

Then a method for getting a stepped-frequency train of LFM pulses is proposed:
1. Use the complex envelope of an un-modulated pulse.
2. Apply LFM of frequency slope 𝑘 = ±

𝐵1
𝑇

.

3. Create a uniform train of 𝑁 LFM pulse separated by 𝑇𝑟 > 2𝑇.

4. Add again LFM to the entire train of pulses using a frequency slope
𝑘𝑠 = ±

∆𝑓
𝑇𝑟

, ∆𝑓 > 0.

Following the steps of the proposed method and according with the properties
exposed in section 2.3, the AF of a stepped-frequency train of LFM pulses can
be easily obtained.
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𝜒(𝜏, 𝜈) =

1

√𝑁

𝑠

−𝑗𝜋�𝜈−

∆𝑓
|𝜏|
𝜏�(|𝜏|+(1−𝑁)𝑇𝑟 )
𝑇𝑟
�− � 𝑆𝑤𝑛𝑠 �𝑇 �𝜈

𝑇𝑟

∆𝑓𝜏
|𝜏| 𝑆𝑤𝑛 �𝑁𝜋𝑇𝑟 �𝜈 − 𝑇𝑟 ��
− ��
, 𝐵 = |𝑘 + 𝑘𝑠 |𝑇
∆𝑓𝜏
𝑇
��
𝑆𝑤𝑛 �𝜋𝑇𝑟 �𝜈 −
𝑇𝑟

−

𝐵𝜏
� �1
𝑇

where 𝐵 is the bandwidth of each individual pulse.
The AF of a stepped-frequency train of LFM pulses is plotted in Fig. 2.14.
Furthermore, the zero-delay cut and the zero-Doppler cut of the AF are shown
in Fig. 2.15 and Fig. 2.16 respectively. Note that the first null in Doppler appears
at 𝜈 =

1

𝑁𝑇𝑟

; in the same way, the first null of the ACF happens at 𝜏 =

1

𝑁∆𝑓

.

Finally, all these results evidence an improvement in delay resolution; and a
great reduction of the sidelobes, which appear in the ACF of LFM pulses.

Figure 2.14: Ambiguity function of a stepped-frequency train of LFM pulses
N=6, T=1 sec, 𝑇𝑟 =5 sec, B=20 Hz, ∆𝑓 =2 Hz.
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Figure 2.15: Zero-delay cut of the AF of a stepped-frequency train of LFM
pulses N=6, T=1 sec, 𝑇𝑟 =5 sec, B=20 Hz, ∆𝑓 =2 Hz.

Figure 2.16: Zero-Doppler cut of the AF of a stepped-frequency train of LFM
pulses N=6, T=1 sec, 𝑇𝑟 =5 sec, B=20 Hz, ∆𝑓 =2 Hz.
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2.5

CONCLUSIONS

Definition, properties and applications of the AF have been exposed in this
chapter. The Table 2.1 shows in summary, the main features that have been extracted
from the signals over which, the AF has been applied.

Radar Signal

Delay Resolution

Unmodulated
Pulse
LFM Pulse

Doppler
Resolution
1
𝑇
1
𝑇

𝑇

1
1
=
|𝑘|𝑇 𝐵
𝑘𝑇 2 = 𝐵𝑇 ≫ 4
𝜏=

1
𝑁𝑇𝑟

𝑇

Train of
Unmodulated
Pulses
Train of LFM
Pulses

1
1
=
|𝑘|𝑇 𝐵
𝑘𝑇 2 = 𝐵𝑇 ≫ 4

1
𝑁𝑇𝑟

𝜏=

SteepedFrequency Train
of LFM Pulses

1
𝑁∆𝑓
∆𝑓 = ±𝑘𝑠 𝑇𝑟

Table 2.1:

1
𝑁𝑇𝑟

Comments
ACF with sidelobes
and delay-Doppler
coupling.
-

ACF with sidelobes
and delay-Doppler
coupling.
ACF with reduced
sidelobes and lower
delay-Doppler
coupling.

Features of some radar signals.

There are many others radar signals that has not been treated in this chapter. Some of
them

are

phase-coded

pulses,

multicarrier

phase-coded

signals,

train

of

complementary pulses, subcomplementary pulses, orthogonal pulses, and many
others.

One of the most important lessons learned in this chapter consists in understanding
that it is impossible to change the transmission parameters of a given radar signal, to
obtain improvements in the range and velocity resolutions at the same time. Therefore,
an increased delay resolution always involves a reduction in the Doppler resolution and
24

vice versa. Note that this conclusion is intimately related to the Heisenberg’s
Uncertainty Principle.

Finally, let us mention the Fisher information matrix, the Cramer-Rao bound, the
relationship they have with the AF, and the role they play in the state estimation of a
target will be studied in following chapters.
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Chapter 3
1.

FUNDAMENTALS

OF

TRACKING

FILTERS. THE KALMAN FILTER

3.1

INTRODUCTION
The next block we are going to study is the Tracking Filter, so after

defining the kinematic model of the target and the observation model; our goal,
is to get an estimation of the target state based on the observations.

As mentioned in [11], it is possible to develop an algorithm that computes
iteratively the target state estimate, using the Chapman-Kolmogorov equation
and the Bayes’ Theory, and assuming the knowledge of the process model and
observation model, which correspond to a Markov process.

In this chapter, the KF and some variants of it have been developed and tested
in different target kinematic models, and observation models too.
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3.2

KINEMATIC AND OBSERVATION MODELS
One of the most important aspects related to the tracking problems, is to

determine the dynamic model of the target and its observations. Various mathematical
models of target motion have been developed over the past three decades, however
they are scattered in the literature and it is very difficult to have a good knowledge. As
regards to this point, it is important to remark the great work performed by X. Rong Li
and Vesselin P. Jikov, providing an updated survey of techniques for maneuvering
target tracking [11, 12, 13]. Anyway, whatever target tracking problem can be posed by
a Process Model and a Sensor Observation Model [12].

3.2.1 Process Model
This is the kinematic model of the target [11], whose dynamics evolves
according to the following discrete-time stochastic model:
𝒙𝑘 = 𝑓𝑘−1 (𝒙𝑘−1 , 𝑹𝑘−1 )

(3.1)

where 𝒙𝑘 ∈ ℝ𝑚𝑥 is the target state vector whose dimension is 𝑚𝑥 ,

and 𝑘 ∈ ℕ is the time index, so the sampling interval is fixed by ∆𝑡 = 𝑡𝑘 −
𝑡𝑘−1 ; and 𝑓𝑘−1 is a known and possibly nonlinear function of the state

𝒙𝑘−1 and 𝑹𝑘−1 , where 𝑹𝑘−1 is a process noise sequence.

3.2.2 Sensor Observation Model
The measurements of the target state are given by the measurement
equation:
𝒛𝑘 = ℎ𝑘 (𝒙𝑘 , 𝑺𝑘 )

(3.2)

where 𝑺𝑘 is a measurement noise sequence; and ℎ𝑘 , is a known

possibly nonlinear function of the state 𝒙𝑘 and𝑺𝑘 .
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Normally, the noise sequences 𝑹𝑘−1 and 𝑺𝑘 are assumed to be white, with

known probability density functions and mutually independents. As for the
process noise 𝑹𝑘−1 , it models those random conditions have not been explicitly

included in the process model, and that affect the value of the target state. This
can be for example, the effect of wind or unexpected maneuvers performed by

the target. As regards to the measurement noise 𝑺𝑘 , it models thermal noise,

phase noise, speckle noise or any other noise according to the nature of the
sensors used.

After defining the kinematic model of the target and the observation model; or
goal is to find an estimation of the target state based on the observations
𝑝(𝒙𝑘 |𝒛1|𝑘−1 ). Assuming that (3.1) is a Markov process, which means that the

current state depends only on the previous state 𝑝�𝒙𝑘 �𝒙𝑘−1 , 𝒛1|𝑘−1 � =

𝑝(𝒙𝑘 |𝒙𝑘−1 ); and using the Chapman-Kolmogorov equation, the target state
estimate at time 𝑘 is:

𝑝�𝒙𝑘 �𝒛1|𝑘−1 � = ∫ 𝑝(𝒙𝑘 |𝒙𝑘−1 ) 𝑝�𝒙𝑘−1 �𝒛1|𝑘−1 �𝑑𝒙𝑘−1

(3.3)

where 𝑝�𝒙𝑘−1 �𝒛1|𝑘−1 � is the updated target state estimate, at time 𝑘 − 1.

Again at time 𝑘, the target state estimate is updated when a measurement 𝒛𝑘 is

available:

𝑝�𝒙𝑘 �𝒛1|𝑘 � = 𝑝�𝒙𝑘−1 �𝒛𝑘 , 𝒛1|𝑘−1 � =

𝑝�𝒛𝑘 �𝒙𝑘 ,𝒛1|𝑘−1 �𝑝�𝒙𝑘 �𝒛1|𝑘−1 �
𝑝�𝒛𝑘 �𝒛1|𝑘−1 �

=

𝑝(𝒛𝑘 |𝒙𝑘 )𝑝�𝒙𝑘 �𝒛1|𝑘−1 �
𝑝�𝒛𝑘 �𝒛1|𝑘−1 �

(3.4)

where the normalizing constant is:
𝑝�𝒛𝑘 �𝒛1|𝑘−1 � = ∫ 𝑝(𝒛𝑘 |𝒙𝑘 ) 𝑝�𝒙𝑘 �𝒛1|𝑘−1 �𝑑𝒙𝑘
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(3.5)

So finally, it is possible to develop an algorithm that computes iteratively the
target state estimate, using the Chapman-Kolmogorov equation and the Bayes’
Theory, and assuming the knowledge of the process model and observation
model, which have to correspond to a Markov process.

3.3

KALMAN FILTER

This section is devoted to provide a practical introduction to the discrete Kalman
filtering algorithm. The KF has been of great importance in the twentieth century, since
it has allowed the development of multiple applications in the field of complex dynamic
systems control. It has had immediate applications in the area of autonomous or
assisted navigation, aircraft, ships, and spacecraft [13]. Particularly, it has been
successfully implemented in video and laser tracking systems, satellite navigation,
ballistic missile trajectory estimation, radar, and fire control.

KF is a recursive filter based upon the Bayes’ Theory and it provides a linear,
unbiased, and minimum error variance recursive algorithm to optimally estimate the
unknown state of a dynamic system from noisy data taken at discrete real-time [14].

Supposing (3.1) and (3.2) can be rewritten as:
𝒙𝑘 = 𝑭𝑘−1 𝒙𝑘−1 +𝑹𝑘−1

𝒛𝑘 = 𝑯𝑘 𝒙𝑘 + 𝑺𝑘

(3.6)
(3.7)

where 𝑹𝑘−1 and 𝑺𝑘 are mutually independent zero-mean white

Gaussian, with covariances 𝑾𝑘−1 = 𝐸 {𝑹𝑘−1 𝑹′𝑘−1 } and 𝑵𝑘 = 𝐸 {𝑺𝑘 𝑺′𝑘 } =

𝑁(0, 𝜎𝒛 ) respectively.
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The discrete KF can be summarized in the following steps:

1. Calculate the state prediction based on the prior state:
�𝑘|𝑘−1 = 𝑭𝑘−1 𝒙
�𝑘−1|𝑘−1
𝒙

(3.8)

2. The predicted covariance of the new state is:
𝑷𝑘|𝑘−1 = 𝑭𝑘−1 𝑷𝑘−1|𝑘−1 𝑭′𝑘−1 + 𝑾𝑘−1
�𝑘|𝑘−1 is:
3. The covariance of the innovation term 𝑺𝑘 = 𝒛𝑘 − 𝑯𝑘 𝒙
𝑺𝑘 = 𝑯𝑘 𝑷𝑘|𝑘−1 𝑯′𝑘 + 𝑵𝑘

(3.9)

(3.10)

4. The Kalman Gain is:
𝑲𝑘 = 𝑷𝑘|𝑘−1 𝑯′𝑘 𝑺−1
𝑘

(3.11)

5. Update the state prediction:
�𝑘|𝑘 = 𝒙
�𝑘|𝑘−1 + 𝑲𝑘 (𝒛𝑘 − 𝑯𝑘 𝒙
�𝑘|𝑘−1 )
𝒙

(3.12)

6. And update the covariance prediction:
𝑷𝑘|𝑘 = 𝑷𝑘|𝑘−1 − 𝑲𝑘 𝑺𝑘 𝑲′𝑘 = (𝑰 − 𝑲𝑘 𝑯𝑘 )𝑷𝑘|𝑘−1

(3.13)

According to (3.10) and (3.11), note that Kalman Gain is like a measure of information;
i.e., assuming that 𝑵𝑘 is the error of the measure or its variance, the larger 𝑵𝑘 is, the
smaller 𝑲𝑘 will be and less informative the measure will be too. This is going to affect

to the update of the state prediction, because if 𝑲𝑘 is high, the observation will be very

�𝑘|𝑘−1 ) will be high in equation (3.12).
informative and the weight of the term (𝒛𝑘 − 𝑯𝑘 𝒙
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And as regards to the equation (3.13), the larger 𝑲𝑘 is, the smaller update of the
covariance prediction will be.

The block diagram shown in Fig.3.1 may be useful to summarize the Kalman Filter
Algorithm [14].

𝒛𝑘

+

−

𝑲𝑘

𝑯𝑘

Figure 3.1:

𝒙
� 𝑘|𝑘

+

+

𝒙
� 𝑘|𝑘−1

𝑭𝑘−1

𝒙
� 𝑘−1|𝑘−1

Delay

Kalman Filter Algorithm Block Diagram.

3.3.1 Kalman Filter Example
A discrete KF implementation is proposed in this section. The objective
is to get an estimation about the target state based upon the observations,
assuming a maneuvering target, and using a Wiener-sequence acceleration
model [15]. The target state vector comprises range, velocity, and radial
acceleration, while both range and velocity are observed. A 0.1 seconds update
interval has been chosen.

Process Model:
Target dynamics are presented by a linear discrete time probabilistic model
𝒙𝑘 = 𝑭𝑘−1 𝒙𝑘−1 +𝑮𝑘−1 𝑹𝑘−1

𝑇𝑘
1
𝒙𝑘 = �𝑇̇𝑘 � ; 𝑭𝑘−1 = �
0
𝑇̈𝑘
0

∆𝑇
1
0
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1 2
1 2
∆𝑇
∆𝑇
2
�
� ; 𝑮𝑘−1 = �2
∆𝑇
∆𝑇
1
1

(3.14)

where 𝑹𝑘−1 is taken to be a zero mean 𝐸 {𝑹𝑘−1 } = 03x1 uncorrelated

Gaussian sequence of variance 𝜎𝑎2 , so this model assumes that the acceleration

increment is an independent (white noise) process. Furthermore, making the

simplifying assumption that the noise is constant between sampling instants
[16-ch8]:

𝑾𝑘−1

𝜎𝑟2
= 𝑠𝑜𝑣(𝑮𝑘−1 𝑹𝑘−1 ) = �𝜎𝑣 𝜎𝑟
𝜎𝑎 𝜎𝑟

𝜎𝑟 𝜎𝑣
𝜎𝑣2
𝜎𝑎 𝜎𝑣

𝜎𝑣 = 𝜎𝑎 ∆𝑇

𝜎𝑟 𝜎𝑎
1
𝜎𝑣 𝜎𝑎 � ; 𝜎𝑟 = 𝜎𝑎 ∆𝑇 2 ;
2
𝜎𝑎2

Sensor Observation Model:
The observation of the target state is given by
𝒛𝑘 = 𝑯𝑘 𝒙𝑘 + 𝑺𝑘

1 0
𝑇𝑘
𝒛𝑘 = �𝑇̇ � ; 𝑯𝑘 = �0 1
𝑘
0 0

(3.15)
0
0�
0

where 𝑺𝑘 is taken to be a zero mean 𝐸 {𝑺𝑘−1 } = 02x1 uncorrelated

Gaussian sequence of covariance,

2
𝜎𝑧,𝑟
𝐸 {𝑺𝑘 𝑺′𝑘 } = 𝑵𝑘 = �
0

0
2 �
𝜎𝑧,𝑣

The first simulation consists in a target which initial state is 𝒙1 = [3 2 0.05 ∙ 𝑎]′ .

Target process noise is set to 𝜎𝑎 = 0.1, and the observation noise is 𝜎𝑧,𝑟 =
�0|0 = [0 0 0]′ and
0.7746 and 𝜎𝑧,𝑣 = 0.3162. The starting point of the tracker is 𝒙

𝑷0|0 = 𝑾, so the target is not locked at the beginning of the simulation. Fig. 3.2
compares the actual range of the target (blue one) with the measured range

(red one) and the range estimated (green one); analogously, the Fig. 3.3
compares the actual speed of the target (blue one) with the measured speed
(red one) and the speed estimate (green one); finally, comparison between the
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actual acceleration of the target (blue one) and the estimated one (green one),
is plotted in Fig. 3.4.

Figure 3.2:

Comparison among the actual range of the target, the

measurement and the KF estimation.

Figure 3.3:

Comparison among the actual velocity of the target, the

measurement and the KF estimation.
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Figure 3.4:

Comparison among the actual acceleration of the target, the

measurement and the KF estimation.

Now, the comparison among the MSE of each state estimated is shown in Fig.
3.5. This simulation has been performed by 10.000 realizations of 𝒙1 =

�0|0 = [0 0 0]′ , and 𝜎𝑧,𝑟 = 𝜎𝑧,𝑣 = 0.3162. Note that the range is
[0.49 0.49 0.49]′ , 𝒙

the best estimated state variable, because of the range estimation is made by
range information and implicitly by speed information too. Analogously, the
speed is the second best estimated state variable because it is directly
observed by a meassurement; and finally, the acceleration of the target is the

worst estimated state variable because it does not dipose of any direct
information from the sensors. It is also important to note that KF has been
unable to eliminate the error when the time tends to infinity.
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Figure 3.5:

MSE

of

range

estimation,

speed

estimation,

and

acceleration estimation.

3.3.2 Kalman Filter Limitations
Some limitations of the KF are:
•

The equations (3.1) and (3.2) have to be linear.

•

Noise has to be Gaussian zero mean.

•

Variance of the noise has to be known or accurately
estimated.

•

KF does not cancel the error when the time tends to infinite.
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3.4

EXTENDED KALMAN FILTER

The EKF may be useful to solve nonlinearities within dynamic systems. It was
called the “Kalman-Schmidt” filter and the essential ideas were proposed by Stanley F.
Schmidt [17, 18, 19].

Now suppose (3.1) and (3.2) can be rewritten as:
𝒙𝑘 = 𝑾𝑘−1 (𝒙𝑘−1 )+𝑹𝑘−1

𝒛𝑘 = 𝑬𝑘 (𝒙𝑘 ) + 𝑺𝑘

(3.16)
(3.17)

where 𝑾𝑘−1 and 𝑬𝑘 are nonlinear functions of 𝒙𝑘−1 and 𝒙𝑘 respectively;

furthermore, as in the conventional KF, 𝑹𝑘−1 and 𝑺𝑘 are mutually independent

zero-mean white Gaussian noise with covariances 𝑾𝑘−1 and 𝑵𝑘 .

The EKF algorithm is nearly the same as the conventional KF explained in the
previous section. The only diference is that 𝑾𝑘−1 and 𝑬𝑘 have to be linearized. The

mentioned linearization is performed by the Jacobians of 𝑾𝑘−1 and 𝑬𝑘 evaluated at

�𝑘|𝑘−1 respectively.
�𝑘−1|𝑘−1 and 𝒙
𝒙

� 𝑘−1 = ∇𝑾𝑘−1 (𝒙𝑘−1 )|𝒙 = 𝒙�
𝑭
𝑘−1
𝑘−1|𝑘−1

� 𝑘 = ∇𝑬𝑘 (𝒙𝑘 )|𝒙 = 𝒙�
𝑯
𝑘
𝑘|𝑘−1

(3.18)
(3.19)

3.4.1 Extended Kalman Filter Example
Now we apply EKF to a nonmaneuvering target. Suppose the state of
the target is defined by its position and velocity vectors 𝒙𝑘 = [𝑥 𝑥̇ 𝑦 𝑦̇ ]′ ;

moreover, the measurements of the target are range, speed and azimuth
𝒛𝑘 = [𝑇𝑘 𝑇̇𝑘 𝜙]′ .
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Process Model:
Target dynamics are presented by a linear discrete time probabilistic model as
(3.14):
𝒙𝑘 = 𝑭𝑘−1 𝒙𝑘−1 +𝑮𝑘−1 𝑹𝑘−1

𝑭𝑘−1

1
0
=�
0
0

∆𝑇
1
0
0

0
0
1
0

1
⎡ ∆𝑇 2
0
⎢2
0
� ; 𝑮𝑘−1 = ⎢ ∆𝑇
∆𝑇
⎢
⎢ 0
1
⎣ 0

0 ⎤
⎥
𝑤𝑥
0 ⎥;𝑹
= �𝑤 �
𝑘−1
1 2⎥
𝑦
∆𝑇 ⎥
2
∆𝑇 ⎦

where 𝑹𝑘−1 is taken to be a zero mean uncorrelated Gaussian

sequence of variances 𝜎𝑤2 𝑥 and 𝜎𝑤2 𝑦 so

𝑾𝑘−1

∆𝑇 4 2
⎡
𝜎𝑤𝑥
⎢ 4
3
⎢∆𝑇 2
𝜎𝑤𝑥
⎢
= 𝑠𝑜𝑣(𝑮𝑘−1 𝑹𝑘−1 ) = ⎢ 2
⎢ 0
⎢
⎢
⎣ 0

∆𝑇 3 2
𝜎
2 𝑤𝑥
∆𝑇 2 𝜎𝑤2 𝑥
0

0

0
0

∆𝑇 4 2
𝜎
4 𝑤𝑦
∆𝑇 3 2
𝜎
2 𝑤𝑦

⎤
⎥
⎥
0 ⎥
∆𝑇 3 2 ⎥
𝜎 ⎥
2 𝑤𝑦 ⎥
⎥
∆𝑇 2 𝜎𝑤2 𝑦 ⎦
0

Sensor Observation Model:
The observation of the target state is given by a nonlinear function as (3.17)
expression:
𝒛𝑘 = 𝑬𝑘 (𝒙𝑘 ) + 𝑺𝑘

⎡ �𝑥𝑘2 + 𝑦𝑘2 ⎤
⎢
⎥
𝑇𝑘
𝑥
𝑥̇
+
𝑦
𝑦̇
⎢ 𝑘 𝑘
𝑘 𝑘⎥
𝑬𝑘 (𝒙𝑘 ) = � 𝑇̇𝑘 � = ⎢
2
2 ⎥
�𝑥
+
𝑦
𝜙𝑘
𝑘
𝑘
⎢
⎥
⎢ 𝑎𝑇𝑠𝑡𝑎𝑛 𝑦𝑘 ⎥
⎣
𝑥𝑘 ⎦

where 𝑺𝑘 is taken to be a zero mean uncorrelated Gaussian

sequence of covariance:
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𝜎𝑟2
𝑺𝑘 ~𝓝(𝟎, 𝑵𝑘 ); 𝑵𝑘 = � 0
0

0
𝜎𝑟̇2
0

0
0�
𝜎𝜙2

�𝑘|𝑘−1 is given by its Jacobian:
The linearization of 𝑬𝑘 (𝒙𝑘 ) evaluated at 𝒙
� 𝑘 = ∇𝑬𝑘 (𝒙𝑘 )|𝒙 = 𝒙�
𝑯
𝑘
𝑘|𝑘−1

𝑥𝑘
⎡
𝑇𝑘
⎢
⎢𝑥̇ 𝑘 𝑇𝑘 − 𝑥𝑘 𝑇̇𝑘
= ⎢ 2
𝑥 + 𝑦2
⎢ 𝑘 𝑦 𝑘
𝑘
⎢−
2
𝑥
+
𝑦𝑘2
⎣
𝑘

0

𝑥𝑘
𝑇𝑘
0

𝑦𝑘
𝑇𝑘
𝑦̇ 𝑘 𝑇𝑘 − 𝑦𝑘 𝑇̇𝑘
𝑥𝑘2 + 𝑦𝑘2
𝑥𝑘
2
𝑥𝑘 + 𝑦𝑘2

0⎤
⎥
𝑦𝑘 ⎥ �
𝑇𝑘 ⎥
⎥�
0⎥
⎦ 𝒙�

𝑘|𝑘−1

The following experiments attempt to emphasize the effect of each observation
concerning the target sate estimation thus the results obtained of four different
models based on the equations described in this section, will be compared to
achieve this purpose. The four models are:

•

Model 1: The first model only takes information about range

•

𝒛𝑘 = 𝑇𝑘 .

•

𝒛𝑘 = 𝑇̇𝑘 .

•

speed 𝒛𝑘 = [𝑇𝑘 𝑇̇𝑘 ]′ .

Model 2: The second model only takes information about speed

Model 3: The third model takes information about range and

Model 4: The fourth model takes information about range, speed
and azimuth 𝒛𝑘 = [𝑇𝑘 𝑇̇𝑘 𝜙𝑘 ]′ .

The experiment runs for 20 seconds and its update interval is 0.1 seconds. The
initial target state and the initial target state estimated are 𝒙1 = [0.1 0.1 0.1 0.1]′

�0|0 = [0.1 0.1 0.1 0.1]′ respectively, so the target is locked at the beginning
and 𝒙

of the simulation. The noise levels are fixed to 𝜎𝑤2 𝑥 = 𝜎𝑤2 𝑦 = 𝜎𝑟2 = 𝜎𝑟̇2 = 𝜎𝜙2 =
0.001 . Fig. 3.6 and Fig. 3.7 compares the MSE of each model according to the
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position estimated and velocity estimated on x-axis; analogously, Fig. 3.8 and
Fig. 3.9 plot the MSE of the position estimated and velocity estimated on y-axis.

Analyzing the results plotted in Fig. 3.6, Fig. 3.7, Fig. 3.8, and Fig. 3.9, is easy
to understand that no model converges to the correct solution due to strong
� 𝑘 is a very poor analytic
nonlinearities of the observations. This is because 𝑯

approximation of 𝑬𝑘 (𝒙𝑘 ). Note that the EKF approximates 𝑝�𝒙𝑘 �𝒛1|𝑘 � to be

Gaussian, so if the nonlinearity is very severe, the non-Gaussianity of the true
posterior density will be more pronounced and the performance of the EKF will
be degraded significantly [11]. In fact, although Model 3 has more information
for doing a state estimation, the nonlinearity of

completely divergent.

Figure 3.6:

𝑎𝑇𝑠𝑡𝑎𝑛

𝑦𝑘
𝑥𝑘

MSE of position estimated on x-axis.

39

, makes EKF

Figure 3.7:

Figure 3.8:

MSE of velocity estimated on x-axis.

MSE of position estimated on y-axis.
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Figure 3.9:

3.5

MSE of velocity estimated on y-axis.

CONCLUSIONS

In this chapter we have proposed some equations to define a tracking system
based on two stochastic models. One model has served to establish the target
dynamics, and the other, has been used to define the measurement of the target
variable state. At first we have assumed that both models were linear; and when KF
has been applied, we have obtained reasonable results in terms of variable state
tracking.

Subsequently, we have taken a new tracking system whose main difference with the
previous one, is that the target observation model is nonlinear. Since it is not possible
to apply KF to nonlinear systems, we decided to implement a variant of it known as
EKF. We commented that the operating philosophy of EKF is nearly the same as KF,
but EKF tries to solve the nonlinearity problem by means of calculating the Jacobian
�𝑘|𝑘−1 as appropriate. The simulation results have shown
�𝑘−1|𝑘−1 ,or 𝒙
particularized in 𝒙

the limitations of EKF when it tries to solve tracking systems with equations which
present strong nonlinear characteristics.
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Another tracker which has not been studied in this work, and can be used to solve the
problem about nonlinearities is Unscented Kalman Filter (UKF). Without going into
details, UKF is based on a statistical linearization; instead of EKF, that is based on an
analytical linearization. Furthermore, the particle filter features that would surely offer
better performance than UKF, have not been studied.

However, recall in this chapter, KF has been applied to a linear system and successful
results have been obtained; and hence, the system composed linear target dynamic
model and linear observation model, will be used in the next chapter to design an
optimal waveform selector based on one-step-ahead principles.
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Chapter 4
1.

ONE-STEP-AHEAD WAVEFORM-AGILE
SENSING FOR RADAR TRACKING

4.1

INTRODUCTION
The fact is that, given a radar system designed to perform detection and

tracking functions, it should not use always the same waveform in order to
estimate the target state with enough accuracy, in a dynamic scenario as the
tracking problem is [20]. Therefore, it is recommendable to consider one of
these options:

•

Waveform libraries: This first approach consists in selecting at each
time, one of the waveforms available in a small library, which has been
designed offline. The selection of the waveform will be done according
to a MOE, which will be treated later.

•

Optimal waveform design online: This second school of thought holds a
waveform or a bank of waveforms, whose parameters can be tuned
according to the information available of the scene.
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In any case, a transmitter sends in each epoch a pulse or a train of pulses according to
the knowledge of the target state accumulated from prior epochs. The echo that arrives
is processed, and it is used for updating the estimation of the target state. The key idea
is to select or design a waveform, which is expected to maximize the information
needed to update the mentioned target state estimate, in the next epoch.
Fig.4.1summarizes this process.

Moreover, it is important to emphasize the problem of the requested time to perform
the processing tasks of the received signal, making the target state estimation,
designing or selecting the next waveform to send, etcetera. In this sense, the idea of
selecting a waveform from a library designed offline, may be more interesting than to
design an optimal waveform online, which requires at least several iterations before
reaching the optimum in each epoch.

𝑹𝑹𝑹𝑹𝑹𝑹𝑹 𝒂𝒂𝒂
𝑷𝑷𝑷𝑷𝑷𝑷𝑷 𝑬𝑬𝑬𝑬

Dynamic
Scenario

𝑻𝑻𝑻𝑻𝑻𝑻𝑻𝑻
𝑾𝑾𝑾𝑾𝑾𝑾𝑾𝑾

𝑾𝑾𝑾𝑾𝑾𝑾𝑾𝑾
𝑺𝑺𝑺𝑺𝑺𝑺𝑺𝑺𝑺𝑺𝑺𝑺𝑺
𝑰𝑰𝑰𝑰𝑰𝑰𝑰𝑰𝑰𝑰𝑰

𝑺𝑺𝑺𝑺𝑺𝑺 𝑵𝑵𝑵𝑵
𝑾𝑾𝑾𝑾𝑾𝑾𝑾𝑾

Waveform
Library

Figure 4.1:

Radar waveform scheduling.
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4.2

WAVEFORM LIBRARIES DESIGN
In this case, the waveform selector has access to the state estimate of the

scene, which has been acquired from prior epochs; and uses this information to
determine in real time, the waveform or sequence of waveform from the library to
transmit. In practice, this process is performed using a MOE, which is a function of the
information state and the next waveform to send in the current epoch [1]. Therefore,
the waveform selector evaluates the MOE on each waveform in the library to determine
which is optimal to transmit.

It is also important to remark that the MOE has to be as simple as possible; and
furthermore, the waveform library has to be well-balanced. It means that the library has
to be short and sufficiently rich, in order to dispose in each time, of the needed
waveform that maximizes the information state. Moreover, to avoid the redundancy in
the library is important too; that is, the waveform library should not have any waveform
whose MOE will always be worse than the others.

4.2.1 Measure of Effectiveness (MOE)
As has been said before, MOE is a function of the present information
state and the next waveform to send. It tries to evaluate the expected benefit of
transmitting a waveform, basing on the information state of the present scene.
In practice, each radar system uses its own MOE according to its operational
needs; in fact, there are applications where the same radar, uses different
MOEs.

In any case, according to the problems treated in this work, the
waveform selector will have to evaluate the MOE of each waveform from the
library, in order to select the best one to be transmitted. That is, greedy policy of
myopic systems, is going to be implemented.
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One of the MOEs most extensively used in the literature, is based on the
expected mutual information between the target state 𝑋 and the radar

measurement 𝑌.

𝐼(𝑋; 𝑌) = 𝑙𝑜𝑎 𝑑𝑠𝑡(𝑰 + 𝑵−1 𝑺)

(4.1)

where 𝑰, N, and 𝑺 are the matrix identity, the measurement

covariance matrix, and the state covariance matrix respectively.

According to the expression (4.1), note that the relationship between
mutual information and entropy is given by:
𝐼(𝑋; 𝑌) = ℋ(𝑋) − ℋ(𝑋|𝑌)

(4.2)

Therefore, to maximize the expected mutual information between 𝑋 and

𝑌, is equivalent to minimized the entropy of 𝑋 conditioned to 𝑌.

4.2.2 Avoiding Redundancy in Waveform Libraries
As mentioned above, the design of waveform libraries must meet a
compromise between richness and simplicity. For richness, it is understood that
the library has to contain most likely, those waveforms that will determine with
greater precision the state of the target. Moreover, the library has to be short
enough to minimize the computational cost, which involves choosing a
waveform among many others. In addition, the design phase has to remove
redundancies which occur when waveforms that are never selected to estimate
the target state, are included in the library.

Assuming now, that some distributional knowledge of the possible state
covariance 𝑺 generated by the tracking system is achieved; and supposing that

this knowledge is given by a probability distribution 𝐹(𝑺), the utility function of a
library of waveforms is defined by:
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𝐺𝐹 (𝓛) = ∫𝑆>0 max𝑵∈𝓛 𝑙𝑜𝑎 𝑑𝑠𝑡(𝑰 + 𝑵−1 𝑺)𝑑𝐹(𝑺)

(4.3)

Finally, a waveform will be considered redundant, if the inclusion in the library
does not improve the utility function; in fact, the utility function can be used to
evaluate the performance of different libraries.

4.3

ONE-STEP-AHEAD SCHEDULING

The work proposed by Kershaw and Evans in [21], is one of the most prominent
in this area. They give explicit expressions for a single maneuvering target in white
Gaussian noise when the tracker is a conventional KF. We are going to use it in order
to expose the implementation about optimal waveform selector based upon myopic or
one-step-ahead approaches. Fig.4.2 summarizes all the following process.

4.3.1 Problem Formulation
Firstly assume the system composed by different elements defining the
target dynamics and the observation or sense process, as provided in section
3.3.1. Let us write its equations (3.14) and (3.15) again:
𝒙𝑘 = 𝑭𝒙𝑘−1 +𝑮𝑹𝑘−1
𝒛𝑘 = 𝑯𝒙𝑘 + 𝑺𝑘

Recall that matrix of target state variables and measurements are respectively
𝒙𝑘 = [𝑇𝑘 𝑇̇𝑘 𝑇̈𝑘 ]′ and 𝒛𝑘 = [𝑇𝑘 𝑇̇𝑘 ]′ . One of the key ideas is to realize that the

measurement covariance matrix is a function of the waveform transmitted to

illuminate the target. So instead of 𝑵𝑘 , now we use 𝑵𝑘 (𝜃𝑘 ), so as to remark that
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covariance matrix depends on the parameters of a particular waveform
transmitted last time 𝑘. Furthermore, we can write 𝑵𝑘 (𝜃𝑘 ) as follows:
1

𝑵𝑘 (𝜃𝑘 ) = 𝑻𝑺−1
𝑘 (𝜃𝑘 )𝑻
𝜂

(4.4)

where 𝑻 is the transformation matrix between the receiver

estimation

parameter

vector

[𝑇 𝑇̇ ]′

and

the

tracking

system

measurement vector [𝜏 𝜈]′ , 𝜂 is the SNR, and 𝑺𝑘 is the Cramer-Rao

lower bound. So 𝑻 = 𝑑𝑤𝑎𝑎(𝑠/2, 𝑠/2𝜔𝑐 ) and 𝑺𝑘 is linked with the Fisher
information matrix 𝑱𝑘 which can be calculated as the Hessian of the AF

evaluated at the true target position:
𝑱𝑘 = 𝜂𝑺𝑘

(4.5)

4.3.2 Tracker Characterization
As far as the tracker is concerned, we are going to use the same KF
equations that are exposed from (3.8) to (3.13). Furthermore, this new tracker
carries out a state prediction in next step 𝑘 + 1, and predicts the covariance of

the new resulting state:

�𝑘+1|𝑘 (𝜃𝑘 ) = 𝑭𝒙
�𝑘|𝑘 (𝜃𝑘 )
𝒙

𝑷𝑘+1|𝑘 (𝜃𝑘 ) = 𝑭𝑷𝑘|𝑘 (𝜃𝑘 )𝑭′ + 𝑾

(4.6)
(4.7)

In other words, the proposed tracker utilizes the inertia of the state prediction
updated in step 𝑘 in order to perform a new prediction in step 𝑘 + 1, and
calculate the predicted covariance of the new state in step 𝑘 + 1. Note that this
is the key of the one-step-ahead.
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4.3.3 Control Characterization
Two different controls are proposed in this section:

Minimization of Mean Square Tracking Error (MMSTE):
This first control selects the next transmitted waveform as that waveform that
minimizes the mean square error. So first, it has to calculate the covariance
prediction update; and then, find the waveform parameters which minimize that
trace.
𝑷𝑘+1|𝑘+1 (𝜽𝑘+1 ) = 𝑷𝑘+1|𝑘 (𝜃𝑘 ) − 𝑷𝑘+1|𝑘 (𝜃𝑘 )𝑯′ �𝑯𝑷𝑘+1|𝑘 (𝜃𝑘 )𝑯′ + 𝑵𝑘 (𝜃𝑘+1 )�

−1

(4.8)

∗
= 𝑺𝑺𝑺 𝐦𝐢𝐧𝜽𝑘+1 𝜖𝚯 𝑇𝑇{𝑷𝑘+1|𝑘+1 (𝜽𝑘+1 )}
𝜽𝑘+1

(4.9)

Thus the MOE provided by this control is:
𝑀𝑂𝐸𝑘MMSTE = 𝑇𝑇{𝑷𝑘+1|𝑘+1 (𝜽∗𝑘+1 )}

(4.10)

Minimization of Validation Gate Volume (MVGV):
This second control minimizes the validation gate volume in order to reduce the
number of false alarms in densely cluttered or high-noise target tracking
scenarios. Since the volume of the validation gate is directly proportional to the
square root of the determinant of the measurement space covariance matrix,
the goal now, is to minimize the mentioned determinant.
𝑺𝑘+1 (𝜽𝑘+1 ) = 𝑯𝑷𝑘+1|𝑘 (𝜃𝑘 )𝑯′ + 𝑵𝑘 (𝜃𝑘+1 )

(4.11)

𝜽∗𝑘+1 = 𝑺𝑺𝑺 𝐦𝐢𝐧𝜽𝑘+1 𝜖𝚯 𝑑𝑠𝑡(𝑺𝑘+1 (𝜽𝑘+1 ))

(4.12)

𝑀𝑂𝐸𝑘MVGV = 𝑑𝑠𝑡(𝑺𝑘+1 (𝜽∗𝑘+1 ))

(4.13)

And its MOE is:
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𝑴𝑴𝑴𝑴𝑴

𝑯𝑘

Figure 4.2:

Waveform
Library

𝑭𝑘−1
𝑻𝑻𝑻𝑻𝑻𝑻𝑻

𝑷𝑘+1|𝑘 (𝜃𝑘 )

𝑪𝑪𝑪𝑪𝑪𝑪𝑪

𝜽∗𝑘+1

𝑵𝑘 (𝜃𝑘 )

Optimal waveform selector scheme based on myopic

approach.

4.3.4 Measurement Covariance Matrix
Kershaw and Evans provide the measurement covariance matrix for a
triangular, Gaussian and Gaussian LFM pulses, assuming the measurement
vector 𝒛𝑘 = [𝑇𝑘 𝑇̇𝑘 ]′ and 𝑻 = 𝑑𝑤𝑎𝑎(𝑠/2, 𝑠/2𝜔𝑐 ).
Triangular pulse:
𝑵(𝜆) = 𝑑𝑤𝑎𝑎 �

𝑐 2 𝜆2

,

5𝑐 2

12𝜂 2𝜂𝜆2 𝜔𝑐2

� ; 𝜽𝑘+1 = 𝜆𝑘+1

(4.14)

� ; 𝜽𝑘+1 = 𝜆𝑘+1

(4.15)

Gaussian pulse:
𝑵(𝜆) = 𝑑𝑤𝑎𝑎 �

𝑐 2 𝜆2
2𝜂

,

𝑐2

2𝜂𝜆2 𝜔𝑐2
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Gaussian LFM pulse:
𝑐 2 𝜆2
2𝜂

𝑵(𝜆) = �−𝑏𝑐 2 𝜆2
𝜂𝜔𝑐2

𝑐2

2�

𝜂𝜔𝑐

−𝑏𝑐 2 𝜆2
1

2𝜆

𝜂𝜔𝑐2

2 2
2 + 2𝑏 𝜆 �

� ; 𝜽𝑘+1 = [𝜆𝑘+1 𝑏𝑘+1 ]′

(4.16)

And the parameters to optimize are the pulse length 𝜆𝑘+1 , and the linear

frequency sweep rate 𝑏𝑘+1 , according with the waveform to transmit.

4.3.5 Results and Simulations
However, Kershaw and Evans focus their work on stationary systems,
so the following simulations show what happens when the stationarity of the
system is broken. To do this, assume that 𝑹𝑘−1 is taken to be a zero mean

𝐸 {𝑹𝑘−1 } = 03x1 uncorrelated Gaussian sequence, whose variance 𝜎 2 goes from
0.01 to 3.

Figure 4.3: Variance
model of the target.

associated

to

kinematic

The initial state of the target is 𝒙1 = [1000 5.555 0.05 ∗ 𝑎]′ and the starting point

�0|0 = [0 0 0]′ with 𝑷0|0 = 𝑾, so the target is not locked at the
of the tracker is 𝒙
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beginning of the simulation. Furthermore, the time step is Δ𝑇 = 2𝑠𝑠𝑠 and the

radial acceleration of the target is not constant; so 𝑭 is given by:
1 2
𝑭 = �0 1
0 0

2
2 �
0.833

As far as the SNR is concerned, we have used the expression (4.17), where
𝜂1000 is the returned SNR at 1000m which value has been taken as 𝜂1000 =
0𝑑𝐵.

𝜂 = (1000/𝑇 4 )𝜂1000

(4.17)

The result of the waveform selection is plotted in Fig.4.4 and Fig.4.5, for the
MVGV and MMSTE respectively. The first subplot in each figure shows the
waveform selected (1, 2, and 3 mean triangular, Gaussian and Gaussian LFM
pulse respectively), the second subplot shows the optimal pulse length, and the
third subplot is the optimal linear frequency sweep rate parameter of the LFM
pulse.

As it is shown in Fig.4.4, MVGV control jumps between a triangular and a
Gaussian LFM pulses in the beginning of the simulation. Finally it is stabilized
by means of the Gaussian LFM pulse selection. But at 30 sec, the variance
associated to the kinematic model of the target presents a sudden increase in
value, which is countered by the control readjusting the parameters of the
Gaussian LFM pulse. Furthermore, note that Gaussian pulse has not been
selected in any time, so this waveform can be considered redundant for this
particular application and it should be removed from waveform library.
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Figure 4.4:

Waveform selection and optimal parameters of MVGV.

As far as the waveform selection with MMSTE controlis concerning, note that
Fig. 4.5 shows how Gaussian pulse takes more prominence than in the
previous case, so it should not be removed from waveform library for this
particular application. Note that this control stabilizes selecting the triangular
pulse, and counteracts the sudden increase of variance, using the Gaussian
pulse. A particular aspect of this control is that it provides extreme values for the
parameters of the selected waveform.
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Figure 4.5:

Waveform selection and optimal parameters of MMSTE.

Finally, Fig.4.6 compares the Total Mean Square Error (TMSE) of the validation
gate volumen, between the optimal waveform obtained by means of MVGV
control, and a conventional Gaussian pulse with 𝜆 = 12 𝑚𝑠, 𝑓𝑐 = 25 𝐾ℎ𝑧.

Analogously, the Fig.4.7 compares the TMSE of tracking , between the optimal
waveform resulting of applying MMSTE control, and a conventional triangular
pulse with 𝜆 = 11.8 𝑚𝑠, 𝑓𝑐 = 25 𝐾ℎ𝑧.

Figure 4.6:

TMSE of the Validation Gate Volume.

54

Figure 4.7:

4.4

TMSE of 𝑇𝑇�𝑷𝑘|𝑘 �

CONCLUSIONS

An optimal waveform design online for radar tracking applications, has been
implemented and simulated in this chapter. Recall that there are others radar tracking
systems that only select one of the waveforms available in the library, without carrying
out any optimizing of their parameters, before being transmitted. Clearly, we have gone
beyond; that is, we have implemented a system that takes all the waveforms included
in the library, and also optimizes their parameters before deciding the most appropriate
waveform to transmit. It results obvious, that the computational cost will be larger, but
on the other hand, the target state estimate will be more accurate.

Another detail which has been emphasized throughout this chapter, is to avoid the
inclusion of redundant waveforms in libraries. Note that in the Fig.4.4, the Gaussian
pulse is never selected when MVGV control is applied. Therefore, the inclusion of the
Gaussian pulse has involved an extra and useless computational cost that has to be
avoided in case of developing real applications.
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There are other limitations that have not been taken into account optimizing the
parameters of the waveforms. For instance hardware in real life, will impose limitations
that prevent that any optimal waveform could be transmitted.

Finally recall that the tracking control system proposed in this chapter is based upon
greedy or myopic algorithms. I.e., it take actions (or transmits waveforms in our case)
in time step 𝑘, in order to reduce the uncertainty about the target state estimate in time
step 𝑘 + 1, no mattering what could happen in a further horizon of time. There are other

systems that pose longer-term strategies so as to obtain better results in future, but
they are discussed in the next chapter.
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Chapter 5
1.

EXTENSION

WITH

MULTI-STEP-AHEAD

WAVEFORM-AGILE

SENSING

FOR

RADAR TRACKING

5.1

INTRODUCTION
In this chapter we address the problem about optimal waveform

selection, by means of multi-step-ahead or non-myopic perspectives. The goal
consists in getting how the radar station finds an optimal policy of actions within
a time horizon greater than one. Such objective will be gotten introducing the
POMDP. But before going into POMDP, the MDP understanding results
essential. Many examples are included throughout the whole chapter, in order
to illustrate all the key concepts.
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5.2

MARKOV DECISION PROCESSES

First, as is shown in Fig. 5.1, suppose a stochastic system composed by agentenvironment, where an agent takes actions changing the state of the environment,
which is directly observed by the agent. Obviously, the agent has to decide which
action to perform in next time according with the observation gained.

Environment
𝑺𝑺𝑺𝑺𝑺𝑺

𝑹𝑹𝑹𝑹𝑹𝑹𝑹

𝑨𝑨𝑨𝑨𝑨𝑨𝑨

𝑨𝑨𝑨𝑨𝑨

Figure 5.1:

Agent interacting with the environment.

Now before proceeding, let us make the following hypothesis:
•

Assume a finite number of states and actions in order to make the
analysis simpler.

•

Assume the state is completely observable by the agent, so it is not
going to be any uncertainty about the actual state of the environment. In
other words, the system is a Completely Observable MDP (COMDP).
Before proceeding, note that both MDP as COMP concepts, are dealt
without any distinction.

Within this context, it can be said that a system satisfies the Markov property, if the
actual state of the environment depends only on its previous state, so it will not be
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necessary to store or to know all the past states of the environment, because its history
is going to be concentrated in the previous state.

Following previous remarks, and according with the basic ideas of Dynamic
Programming (DP) and RL, a Markov decision process or MDP, can be described as a
tuple 〈𝒮, 𝒜, 𝒯, ℛ〉, where:
•

𝒮 is a discrete set of states of the environment.

•

𝒜 is a discrete set of actions that can be performed by the agent.

•

𝒯: 𝒮 𝑥 𝒜 → Π(𝒮) is the state transition probability function, where

𝒯(𝑠, 𝑎, 𝑠 ′ ) = 𝑃𝑇(𝑆𝑘+1 = 𝑠 ′ |𝑆𝑘 = 𝑠, 𝐴𝑘 = 𝑎) is the probability of next state

is 𝑠 ′ when the system is in 𝑠 and 𝑎 action is executed; and Π(𝒮) is the
space state.

•

ℛ: 𝒮 𝑥 𝒜 𝑥 𝒮 → ℝ is the immediate reward function, where ℛ(𝑠, 𝑎, 𝑠 ′ ) is

the immediate reward gained by the agent, when it executes action 𝑎

and the system goes from 𝑠 to 𝑠 ′ state. Another way for expressing

rewards is given by the function 𝑇: 𝒮 𝑥 𝒜 → ℝ that depends only on the

current state and action taken, thus the expected immediate reward for
a given state-action pair is:

𝑇(𝑠, 𝑎) = ∑𝑠′ 𝜖𝒮 𝒯(𝑠, 𝑎, 𝑠 ′ ) ℛ(𝑠, 𝑎, 𝑠 ′ )

(5.1)

Thus using the Markov property and the transition probabilities described before, the
state at time 𝑘 + 1 depends on the previous state at time 𝑘 and the action executed at
time 𝑘:

𝑃𝑇�𝑆𝑘+1 �𝑆𝑘 , 𝑆𝑘−1,

. . . , 𝑆0 , 𝐴𝑘 , 𝐴𝑘−1 ,
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. . . , 𝐴0 � = 𝑃𝑇(𝑆𝑘+1 |𝑆𝑘 , 𝐴𝑘 )

(5.2)

As far as the goal looked for the agent, one might think of choosing the action with
highest immediate reward 𝑇(𝑠, 𝑎) regardless of anything else; nevertheless, the

problem is not so easy because the agent has to find a trade-off between immediate
and future rewards gained over a time horizon. So the goal in a finite horizon problem

where the horizon length is 𝐻, is to maximize the expected future discounted reward

given by:

𝐻−1 𝑘
𝐸�∑𝑘=0
𝛾 𝑇(𝑆𝑘 , 𝐴𝑘 )�

(5.3)

and (5.4) when the horizon of the problem is infinite.
𝑘
𝐸 [∑∞
𝑘=0 𝛾 𝑇(𝑆𝑘 , 𝐴𝑘 )]

(5.4)

where 𝛾 is the discount parameter such that 0 < 𝛾 < 1 for ensuring that the sum

in (5.4) is finite even when it is posed for infinite horizon. Additionally, note that the
larger the discount factor (closer to 1), the more effect future rewards have on the
current decision making; and on the other hand, smaller values of 𝛾, makes
exponentially more important those payoffs gained in the nearest future.

So finally, any stochastic control system based upon MDP, have totally knowledge
about the real state of the environment, and select the required action in order to
change that state, searching the highest expected future discounted reward. This
situation is exposed in Fig.5.2.

Environment
𝑺𝑺𝑺𝑺𝑺
𝑠𝑘

𝑹𝑹𝑹𝑹𝑹𝑹
𝑟𝑘

𝑨𝑨𝑨𝑨𝑨𝑨
𝑎𝑘

𝑪𝑪𝑪𝑪𝑪𝑪𝑪
𝛾
𝛾𝛾

Figure 5.2:

𝑨𝑨𝑨𝑨𝑨

Stochastic control system.
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5.2.1 Policies
A policy informs about which action to take according with the past
history of the process. Since we are dealing with MDP systems, a particular
policy can be defined as a mapping from states to actions, which is going to
inform about the probability of taking action 𝑎 when system is in state 𝑠:

𝜋(𝑠, 𝑎) = 𝑃𝑇(𝐴𝑘 = 𝑎|𝑆𝑘 = 𝑠). In other words, a policy can be considered as a

decision rule that is going to say what to do in each state.

Furthermore, a policy is called a non-stationary policy when different rules have
to be adopted according with time step 𝑘.

5.2.2 Value Functions
The value function (5.5) particularized in each state informs in advance
about how good is a given policy, or says how good the agent works.
𝑉(𝜋, 𝑠) = � 𝜋(𝑠, 𝑎) � 𝒯(𝑠, 𝑎, 𝑠 ′ ) �ℛ(𝑠, 𝑎, 𝑠 ′ ) + 𝛾𝑉(𝜋, 𝑠 ′ )�
𝑎𝜖𝒜

𝑠 ′ 𝜖𝒮

= � 𝜋(𝑠, 𝑎) �𝑇(𝑠, 𝑎) + 𝛾 � 𝒯(𝑠, 𝑎, 𝑠 ′ ) 𝑉(𝜋, 𝑠 ′ ) � = � 𝜋(𝑠, 𝑎) 𝑄(𝜋, 𝑠, 𝑎)
𝑠 ′ 𝜖𝒮

𝑎𝜖𝒜

𝑎𝜖𝒜

(5.5)

where 𝑄(𝜋, 𝑠, 𝑎) is the action value function which represents the

expected return when starting in 𝑠, taking action 𝑎 and following policy
𝜋.

5.2.3 Optimal Value Functions
Obviously, the goal of the control associated to the agent is to find the
policy that maximizes the expected reward; in other words, a policy whose
value function is optimal is an optimal policy. In this sense, the optimum state
value function represents the expected return when agent starts in 𝑠, and
executes the optimum policy 𝜋 ∗ :
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𝑉 ∗ (𝑠) = max 𝑉 (𝜋, 𝑠) = max �� 𝜋(𝑠, 𝑎) � 𝒯(𝑠, 𝑎, 𝑠 ′ ) �ℛ(𝑠, 𝑎, 𝑠 ′ ) + 𝛾𝑉 ∗ (𝜋, 𝑠 ′ )��
𝜋

𝑎𝜖𝒜

𝑎𝜖𝒜

𝑠 ′ 𝜖𝒮

(5.6)

And the optimum policy for each state can be obtained by:
𝜋 ∗ (𝑠) = 𝑎𝑇𝑎 max 𝑄(𝜋, 𝑠, 𝑎) = 𝑎𝑇𝑎 max � 𝒯(𝑠, 𝑎, 𝑠 ′ ) �ℛ(𝑠, 𝑎, 𝑠 ′ ) + 𝛾𝑉(𝜋, 𝑠 ′ )�
𝑎

𝑎

𝑠 ′ 𝜖𝒮

(5.7)

Also note that depending on the particular problem, the optimal policy does not
have to be unique, as there may be several policies that have the same optimal
value function.

5.2.4 Dynamic Programming
One of the most commonly extended problems is the development of
computer program routines in order to provide algorithms for calculating optimal
policies and value functions. Because of this, DP can be considered as a
discipline focused on solving these problems in an iterative way. Thus; since
that lim𝑘→∞ 𝑉𝑘 (𝑠) → 𝑉(𝑠), DP proposes to use (5.8) instead of (5.5).
𝑉𝑘+1 (𝑠) = � 𝜋(𝑠, 𝑎) � 𝒯(𝑠, 𝑎, 𝑠 ′ ) �ℛ(𝑠, 𝑎, 𝑠 ′ ) + 𝛾𝑉𝑘 (𝑠 ′ )�
𝑎𝜖𝒜

𝑠 ′ 𝜖𝒮

(5.8)
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And analogously to (5.6), the optimal value function in a given state is:
∗ (𝑠)
𝑉𝑘+1
= max �� 𝜋(𝑠, 𝑎) � 𝒯(𝑠, 𝑎, 𝑠 ′ ) �ℛ(𝑠, 𝑎, 𝑠 ′ ) + 𝛾𝑉𝑘∗ (𝑠 ′ )� �
𝑎𝜖𝒜

𝑎𝜖𝒜

𝑠 ′ 𝜖𝒮

(5.9)

So making use of (5.8) and initializing the problem as 𝑉0 (𝑠) = 0∀𝑠 ∈ 𝒮, we can

get the value function associated to each state and particularized for a given
policy. Algorithm 5.1 shows how to do this by means of a sequential computer
program, where 𝜀 is called Bellman error magnitude.

Furthermore, the pseudo-code computer program exposed by Algorithm 5.2,
can result very useful in order to obtain the optimal policy for each state
proposed by (5.9).

Algorithm 5.1 Iterative policy evaluation and stopping criterion
Step 1: Input 𝝅 (policy)

Step 2: Initialize 𝑽𝑻+𝟏 (𝑺)
Step 3: Fix

= 𝟎 ∀𝑺 ∈ 𝓢

𝜺 (a small positive number)

Step 4: 𝑹𝑬𝑺𝑺𝑺 (∆> 𝜺)

𝑽𝑻 (𝑺) = 𝑽𝑻+𝟏 (𝑺)

𝑽𝑻+𝟏 (𝑺) = � 𝝅(𝑺, 𝑺) � 𝓣(𝑺, 𝑺, 𝑺′ ) �𝓡(𝑺, 𝑺, 𝑺′ ) + 𝜸𝑽 𝝅 (𝑺′ )�
𝑺𝝐𝓐

𝑺′ 𝝐𝓢

∆= 𝑴𝑺𝒙 �𝑽𝑻+𝟏 (𝑺) − 𝑽𝑻 (𝑺)�

𝑺𝑺𝑪

Table 5.1:

Iterative policy evaluation and stopping criterion.
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Algorithm 5.2 policy improvement and stopping criterion

𝜺 (a small positive number)

Step 1: Fix

Step 2: 𝝅𝑻+𝟏 (𝑺, 𝑺)

= 𝐚𝐫𝐠𝐦𝐚𝐱[∑𝑺𝝐𝓐 𝝅𝑻 (𝑺, 𝑺) 𝑸 𝝅 (𝑺, 𝑺)]
𝑺𝝐𝓐

𝑺. 𝑺. � 𝝅𝑻+𝟏 (𝑺, 𝑺) = 𝟏
𝑺𝝐𝓐

Step 3: ∆= 𝑴𝑺𝒙 �𝝅𝑻+𝟏 (𝑺, 𝑺) − 𝝅𝑻 (𝑺, 𝑺)�
Step 4: 𝑺𝑾 (∆> 𝜺)

𝝅𝑻 (𝑺, 𝑺) = 𝝅𝑻+𝟏 (𝑺, 𝑺) 𝑺𝑺𝑪 𝑺𝑺 𝑭𝑺 𝑺𝑺𝑺𝑺𝑺𝑺𝑭𝑬𝑴 𝟓. 𝟏

𝑺𝑺𝑺𝑺

𝝅

𝑽∗𝑻 (𝑺) = 𝑽𝑻 𝑻+𝟏

𝑺𝑺𝑪

Table 5.2:

Iterative policy improvement and stopping criterion.

Finally, Fig. 5.3 summarizes the iterative process for getting the optimal policy
and value function associated to it.

𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨 𝟓, 𝟏

𝑉∗

𝑺𝑺𝑺𝑺𝑺𝑺𝑺𝑺
V𝝅

𝜋∗

𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨 𝟓, 𝟐

Figure 5.3:

Iterative process for getting the optimal

policy and the optimal value function.
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5.2.5 The Recycling Robot Problem
Once the MDP framework has been defined and the most important
algorithms have been described, a recycling robot problem proposed in [22] is
going to be analyzed in order to get further understanding. This problem
consists in a mobile robot in charge of collecting empty cans in an office. It has
an arm and gripper that can pick cans, and it has sensors for navigating,
detecting cans and controlling the arm and gripper. Furthermore, it counts with
a battery that can be recharged by the robot. Now, the robot has to take
decisions about how to search for cans by means of RL algorithms based on
the current charge level of the battery. The robot has to decide what to do
regarding three possible actions: search for a can for a certain period of time,
wait for someone to bring it a can, or recharge its battery. Note that the rewards
might be zero most of time, but then become positive when the robot find an
empty can, or large and negative when the battery runs out and the robot has to
be rescued by someone.

So, the state set can be defined by 𝒮 = {𝑏𝑎𝑡𝑡𝑠𝑇𝑦 − ℎ𝑤𝑎ℎ, 𝑏𝑎𝑡𝑡𝑠𝑇𝑦 − 𝑙𝑜𝑤}, and

the action set by 𝒜 = {𝑠𝑠𝑎𝑇𝑠ℎ, 𝑤𝑎𝑤𝑡, 𝑇𝑠𝑠ℎ𝑎𝑇𝑎𝑠}. A period of searching with high
energy level, can goes to low energy with probability 1 − 𝛼. On the other hand,

a period of searching undertaken when the energy level is low leaves it low with

probability 𝛽 or depletes the battery and the robot has to be rescued with
probability 1 − 𝛽. As far as the immediate is concerned, the robot will be
penalized with −3 each time it has to be rescued, and ℛ(𝑠𝑘 , 𝑠𝑠𝑎𝑇𝑠ℎ, 𝑠𝑘+1 ) >

𝑅(𝑠𝑘 , 𝑤𝑎𝑤𝑡, 𝑠𝑘+1 ) mark the expected immediate rewards of collecting cans. The

transition probabilities and the expected rewards are summarized in Table 5.3.

𝑠𝑘

𝑠𝑘+1

𝑎𝑘

𝑏𝑎𝑡𝑡𝑠𝑇𝑦 − ℎ𝑤𝑎ℎ

𝑏𝑎𝑡𝑡𝑠𝑇𝑦 − ℎ𝑤𝑎ℎ

𝑠𝑠𝑎𝑇𝑠ℎ

𝑏𝑎𝑡𝑡𝑠𝑇𝑦 − ℎ𝑤𝑎ℎ

𝑏𝑎𝑡𝑡𝑠𝑇𝑦 − ℎ𝑤𝑎ℎ

𝑤𝑎𝑤𝑡

𝑏𝑎𝑡𝑡𝑠𝑇𝑦 − 𝑙𝑜𝑤

𝑏𝑎𝑡𝑡𝑠𝑇𝑦 − ℎ𝑤𝑎ℎ

𝑏𝑎𝑡𝑡𝑠𝑇𝑦 − ℎ𝑤𝑎ℎ
𝑏𝑎𝑡𝑡𝑠𝑇𝑦 − 𝑙𝑜𝑤
𝑏𝑎𝑡𝑡𝑠𝑇𝑦 − 𝑙𝑜𝑤

𝑏𝑎𝑡𝑡𝑠𝑇𝑦 − 𝑙𝑜𝑤

𝑠𝑠𝑎𝑇𝑠ℎ

𝑏𝑎𝑡𝑡𝑠𝑇𝑦 − 𝑙𝑜𝑤

𝑠𝑠𝑎𝑇𝑠ℎ

𝑏𝑎𝑡𝑡𝑠𝑇𝑦 − 𝑙𝑜𝑤

𝑤𝑎𝑤𝑡

𝑠𝑠𝑎𝑇𝑠ℎ
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𝒯(𝑠𝑘 , 𝑎𝑘 , 𝑠𝑘+1 ) ℛ (𝑠𝑘 , 𝑎𝑘 , 𝑠𝑘+1 )
𝛼

ℛ(𝑠𝑘 , 𝑠𝑠𝑎𝑇𝑠ℎ, 𝑠𝑘+1 )

1

ℛ(𝑠𝑘 , 𝑤𝑎𝑤𝑡, 𝑠𝑘+1 )

1−𝛼

ℛ(𝑠𝑘 , 𝑠𝑠𝑎𝑇𝑠ℎ, 𝑠𝑘+1 )

𝛽

ℛ(𝑠𝑘 , 𝑠𝑠𝑎𝑇𝑠ℎ, 𝑠𝑘+1 )

1

ℛ(𝑠𝑘 , 𝑤𝑎𝑤𝑡, 𝑠𝑘+1 )

1−𝛽

−3

𝑏𝑎𝑡𝑡𝑠𝑇𝑦 − 𝑙𝑜𝑤

𝑏𝑎𝑡𝑡𝑠𝑇𝑦 − ℎ𝑤𝑎ℎ

𝑇𝑠𝑠ℎ𝑎𝑇𝑎𝑠

1

𝑏𝑎𝑡𝑡𝑠𝑇𝑦 − ℎ𝑤𝑎ℎ

𝑏𝑎𝑡𝑡𝑠𝑇𝑦 − 𝑙𝑜𝑤

𝑇𝑠𝑠ℎ𝑎𝑇𝑎𝑠

0

𝑏𝑎𝑡𝑡𝑠𝑇𝑦 − ℎ𝑤𝑎ℎ

Table 5.3:

𝑏𝑎𝑡𝑡𝑠𝑇𝑦 − ℎ𝑤𝑎ℎ

𝑇𝑠𝑠ℎ𝑎𝑇𝑎𝑠

0

0

−
−

Transition probabilities and expected rewards of the recycling robot
problem.

Fig. 5.4 shows the transition graph for the recycling robot problem, which is
commonly used so as to summarize the dynamics of finite MDP.

1 − 𝛽, -3

𝑤𝑤𝑤𝑤
1, ℛ(𝑠𝑘 , 𝑤𝑤𝑤𝑤, 𝑠𝑘+1 )

Battery
- High

𝛼, ℛ(𝑠𝑘 , 𝑠𝑠𝑠𝑠𝑠ℎ, 𝑠𝑘+1 )

Figure 5.4:

1,0

𝑟𝑟𝑟ℎ𝑎𝑎𝑎𝑎

𝑠𝑠𝑠𝑠𝑠ℎ

𝛽, ℛ(𝑠𝑘 , 𝑠𝑠𝑠𝑠𝑠ℎ, 𝑠𝑘+1 )

𝑠𝑠𝑠𝑠𝑠ℎ

Battery
- Low

1 − 𝛼, ℛ(𝑠𝑘 , 𝑠𝑠𝑠𝑠𝑠ℎ, 𝑠𝑘+1 )

1, ℛ(𝑠𝑘 , 𝑤𝑤𝑤𝑤, 𝑠𝑘+1 )

𝑤𝑤𝑤𝑤

Transition graph for the recycling robot problem.

According with Table 5.3 and the transition graph described in Fig.5.4, the
policies associated to each state can be defined as 𝜋𝑘 (ℎ𝑤𝑎ℎ − 𝑏𝑎𝑡𝑡𝑠𝑇𝑦, 𝑎) =

{𝑠𝑠𝑎𝑇𝑠ℎ, 𝑤𝑎𝑤𝑡} and 𝜋𝑘 (𝑙𝑜𝑤 − 𝑏𝑎𝑡𝑡𝑠𝑇𝑦, 𝑎) = {𝑠𝑠𝑎𝑇𝑠ℎ, 𝑤𝑎𝑤𝑡, 𝑇𝑠𝑠ℎ𝑎𝑇𝑎𝑠}. Table 5.4

summarizes the results of the recycling robot problem, which have been
obtained developing the needed software that implements the algorithms 5.1
and 5.2. Solutions gained are compared with those achieved accurately (see
Table 5.5) in order to check its benefits. Policies of each state start uniformly
with 𝜋0 (ℎ𝑤𝑎ℎ − 𝑏𝑎𝑡𝑡𝑠𝑇𝑦, 𝑎) = {0.5,0.5} and 𝜋0 (𝑙𝑜𝑤 − 𝑏𝑎𝑡𝑡𝑠𝑇𝑦, 𝑎) = {0.3,0.3,0.3}.
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Data
𝜸𝛼𝛽ℛ

𝑠𝑒𝑎𝑟𝑐ℎ

Approximate Solutions
ℛ

𝑤𝑎𝑖𝑡

𝜋

0.9 0.8 0.3 2 1

0.8 0.8 0.3 1 2
0.9 0.3 0.8 1 0

𝑉 ∗ (ℎ𝑤𝑎ℎ

− 𝑏𝑎𝑡𝑡𝑠𝑇𝑦, 𝑺)

{1,0}

{1,1.3878 ∙ 10

{1,0}

{0,0,1}

−17

− 𝑏𝑎𝑡𝑡𝑠𝑇𝑦)

, 0}

{1,1.4428 ∙ 10−16 , 0}

{1,5.5511 ∙ 10−17 }

{0,3.6265 ∙ 10−18 , 1}

{1.3878 ∙ 10−16 , 1}

{−4.6727 ∙ 10−17 , 1,0}

0.8 0.8 0.3 2 1

0.9 0.8 0.3 1 2

𝝅

{1,0}

0.8 0.3 0.8 2 1

0.8 0.3 0.8 1 2

∗ (𝑙𝑜𝑤

− 𝑏𝑎𝑡𝑡𝑠𝑇𝑦, 𝑎)

0.9 0.3 0.8 2 1

0.9 0.3 0.8 1 2

∗ (ℎ𝑤𝑎ℎ

{9.9747 ∙ 10

−17

{1.6653 ∙ 10

−16

−17

{3.9899 ∙ 10

, 1}
, 1}

−19

{−2.4853 ∙ 10

, 1,3.041 ∙ 10

{−7.9604 ∙ 10−18 , 1,3.4694 ∙ 10−18 }

{1,0}

{0,4.3252 ∙ 10−17 , 1}

0.8 0.3 0.8 1 0
0.9 0.8 0.3 1 0
0.8 0.8 0.3 1 0

Table 5.4:

{1,0}

{1,5.5511 ∙ 10

{2.7756 ∙ 10−17 , 1.3410 ∙ 10−17 , 1}
{0,0,1}

−17 }

15.8462

15.1868

3

16.9492

15.2542

3

20

{1.6653 ∙ 10−16 , 1}
{1,0}

of

8.6207
−17 }

10
20
10

6.1350
3.2051
8.4746

{0,0,1}

Number

− 𝑏𝑎𝑡𝑡𝑠𝑇𝑦)

8.1739

, 1,0}

𝑽∗ (𝑙𝑜𝑤

4.3103

7.5217
6.8966
20
10

Iterations
3
3
3
3

20

3

10

5.5125
2.5641
7.6271
3.4483

Approximate solutions of the recycling robot problem using algorithms

3
3
3
3
3

5.1 and 5.2.

Data
𝜸 𝛼 𝛽 ℛ 𝑠𝑒𝑎𝑟𝑐ℎ ℛ𝑤𝑎𝑖𝑡
0.9 0.3 0.8 2 1

0.8 0.3 0.8 2 1
0.9 0.8 0.3 2 1
0.8 0.8 0.3 2 1
0.9 0.3 0.8 1 2
0.8 0.3 0.8 1 2
0.9 0.8 0.3 1 2
0.8 0.8 0.3 1 2
0.9 0.3 0.8 1 0
0.8 0.3 0.8 1 0
0.9 0.8 0.3 1 0
0.8 0.8 0.3 1 0

Exact Solutions
𝜋 ∗ (ℎ𝑤𝑎ℎ − 𝑏𝑎𝑡𝑡𝑠𝑇𝑦, 𝑎)

𝝅∗ (𝑙𝑜𝑤 − 𝑏𝑎𝑡𝑡𝑠𝑇𝑦, 𝑺)

{1,0}

{1,0,0}

{1,0}
{1,0}
{1,0}
{0,1}
{0,1}
{0,1}
{0,1}
{1,0}
{1,0}
{1,0}
{1,0}

Table 5.5:

𝑉 ∗ (ℎ𝑤𝑎ℎ − 𝑏𝑎𝑡𝑡𝑠𝑇𝑦)

𝑽∗ (𝑙𝑜𝑤 − 𝑏𝑎𝑡𝑡𝑠𝑇𝑦)

{1,0,0}

13.0769

11.9780

{0,0,1}

16.9492

15.2542

{0,0,1}
{0,1,0}
{0,1,0}
{0,1,0}
{0,1,0}
{0,0,1}
{0,0,1}
{0,0,1}
{0,0,1}

6.9565
8.6207
20
10
20
10

6.1350
3.2051
8.4746
4.3103

Exact solutions of the recycling robot problem.
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5.8696
6.8966
20
10
20
10

5.5215
2.5641
7.6271
3.4483

As discussed above, ℛ(𝑠𝑘 , 𝑠𝑠𝑎𝑇𝑠ℎ, 𝑠𝑘+1 ) has to be higher than 𝑅(𝑠𝑘 , 𝑤𝑎𝑤𝑡, 𝑠𝑘+1 ),

since otherwise robot would never execute action 𝑠𝑠𝑎𝑇𝑠ℎ, and this does not
make much sense in the problem at hand.

Before finalizing this section, it is important to recall that any control based upon
MDP, always knows the real state of the environment without any uncertainty.
Furthermore, the main goal of this control, is to determine the optimal policy
which can be considered as a mapping state-action 𝜋: 𝒮 → 𝒜, that maximizes
the value function in each state.

5.3

PARTIALLY

OBSERVABLE

MARKOV

DECISION

PROCESSES

Anyone can understand that COMDP are not too much practical in real life;
since agents, rarely have complete information about the state of the environment in
which they are working. POMDP takes into account this important aspect, solving it
adding observations to gain information to achieve their goal efficiently. So apart from
MDP actions used for changing the state of the environment, POMDP includes another
kind of element in the model known as observations, which are used in order to
improve the knowledge about what the state is. Of course these observations are
probabilistic, so it is necessary to specify an observation function, which is going to
report the probability of each observation for each state; and now, the agent will have
to choose between actions based on the information they provide, the amount of
reward they produce, and how they change the state of the environment.

Thus apart from states, actions, transition probabilities, and immediate rewards,
a POMDP use a finite set of observations 𝒵 according with an observation function
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𝒪: 𝒜𝑥𝒮 → ∏(𝒵) which gives for each action and resulting state, a probability

distribution over possible observations, and where ∏(𝒵) is the observation space. So

each individual observation probability is given by 𝒪(𝑎, 𝑠, 𝑧) = 𝑃𝑇(𝑂𝑘 = 𝑧|𝑆𝑘 = 𝑠, 𝐴𝑘−1 =
𝑎) for the probability of making observation 𝑧 from state 𝑠 after having taking action 𝑎.

5.3.1 Belief State
Since agent does not have direct access to the state of the environment,
it results necessary to define a new kind of internal state for the agent known as
belief state or information state. Whatever, the most important of all is that a
belief state is a discrete probability distribution over a set of states 𝒮,

representing for each state 𝑠, the probability that the environment is in that state
as 𝑏(𝑠).

So now, the stochastic control system described in Fig.5.2, can be
updated by means of the block diagram exposed in Fig.5.5. Note that here, a
new block known as state estimator, is in charge of the belief state updating by
means of the last belief state, the new action performed and the new
observation gotten by the agent [23]. The other block is the policy, which now
maps belief states into actions.

𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶
𝑧𝑘

Environment

𝑨𝑨𝑨𝑨𝑨𝑨
𝑎𝑘

𝑨𝑨𝑨𝑨𝑨
𝑺𝑺𝑺𝑺𝑺
𝑬𝑬𝑬𝑬𝑬𝑬𝑬𝑬𝑬

Figure 5.5:

𝑏

𝛾𝛾

𝑷𝑷𝑷𝑷𝑷𝑷

POMDP control.
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Before continuing, it is important to emphasize that policy in MDP is considered
as a mapping from states to actions; whereas policy in POMDP, is to find a
mapping from belief state (probability distributions over states) to actions.

As far as updating an information state is concerned, and without going into
details, the belief of the new state 𝑠 ′ , written 𝑏𝑧𝑎 (𝑠 ′ ), can be determined from the

previous belief state 𝑏(𝑠), the previous action 𝑎, and the current observation 𝑧,

as follows [24,25]:

𝑏𝑧𝑎 (𝑠 ′ ) = 𝑃𝑇(𝑠 ′ |𝑏, 𝑎, 𝑧) =
=

𝑃𝑇(𝑧|𝑠 ′ , 𝑏, 𝑎)𝑃𝑇(𝑠 ′ |𝑏, 𝑎)
𝑃𝑇(𝑧|𝑏, 𝑎)

𝒪(𝑎, 𝑠 ′ , 𝑧) ∑𝑠𝜖𝒮 𝒯(𝑠, 𝑎, 𝑠 ′ )𝑏(𝑠)
𝑃𝑇(𝑧|𝑏, 𝑎)
(5.10)

where 𝑃𝑇(𝑧|𝑏, 𝑎) is a normalizing factor defined as:

𝑃𝑇(𝑧|𝑏, 𝑎) = � 𝒪(𝑎, 𝑠′, 𝑧) � 𝒯(𝑠, 𝑎, 𝑠 ′ )𝑏(𝑠)
𝑠 ′ 𝜖𝒮

(5.11)

𝑠𝜖𝒮

Thus the next POMDP information state depends only upon transition
probabilities, observation probabilities and the previous information state. In
other words, the belief state does not need all its full history in order to be
updated, so the belief state is itself a Markov process.

5.3.2 Value Functions
First let 𝓑 be POMDP set of belief states. Since that each belief state

follows a Markov process, a POMDP can be formulated as a continuous space
COMDP, where 𝓑 is the new state set, and 𝒜 is the same action set than
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before. Since the POMDP rewards are based upon actual POMDP states, the
reward of the belief state is:
𝜌(𝑏, 𝑎) = � 𝑏(𝑠)𝑇(𝑠, 𝑎)
𝑠𝜖𝒮

(5.12)

So the expression (5.12) offers great rewards in accordance with the certainty
that the agent has about the state of the world, and analogously to (5.9), we can
find the optimal value function of any belief state 𝑏 as:
∗ (𝑏)
𝑉𝑘+1
= max �𝜌(𝑏, 𝑎) + 𝛾 � 𝑃𝑇(𝑧|𝑏, 𝑎)𝑉𝑘∗ (𝑏𝑧𝑎 )�
𝑎𝜖𝒜

(5.13)

𝑧𝜖𝒪

where 𝑃 𝑇(𝑧|𝑏, 𝑎) is the normalizing factor defined before (5.11).
Note that, since belief state is continuous, equation (5.13) is the infinite
expected sum of discounted rewards starting in state 𝑏 and executing the
optimal policy. Nevertheless, although the belief state is infinite, the number of

observation is discrete and finite so the number of succeeding states is finite
too. Therefore, we can use an equivalent expression to (5.13):
∗ (𝑏)
𝑉𝑘+1
= max �𝜌(𝑏, 𝑎) + 𝛾 � � � 𝑏(𝑠)𝒯(𝑠, 𝑎, 𝑠 ′ )𝒪(𝑎, 𝑠 ′ , 𝑧)𝑉𝑘∗ (𝑏𝑧𝑎 )�
𝑎𝜖𝒜

𝑠𝜖𝒮 𝑠 ′ 𝜖𝒮 𝑧𝜖𝒪

(5.14)

5.3.3 The Tiger Problem
The tiger problem is a classic within the POMDP world, so it is used in
this section in order to consolidate the concepts developed so far, and introduce
new ones. Its statement is more or less the following: There are two closed
doors and a tiger is behind one of them. An agent has to open a door without
being attacked by the tiger in the process, but it does not know where the tiger
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is, so the goal is to open the door behind which is not located the tiger. The
agent can take three different actions: listening, open the left door, or open the
right door.

Let 𝒮 = {𝑠1 , 𝑠2 } be a set with the possible states where 𝑠1 and 𝑠2 mean tiger is

behind the left or right door respectively. The set of actions is given by 𝒜 =

{𝑎0 , 𝑎1 , 𝑎2 }, where 𝑎0 means listen, 𝑎1 open left door, and 𝑎2 open right door.

𝒵 = {𝑧1 , 𝑧2 } is the observation set with 𝑧1 as listen tiger on the left door, and 𝑧2

as listen tiger on the right one.

The transition probabilities are given by following tables:

𝑎0
𝑠1′

𝑠2′

𝑠1

𝑠2

0.85

0.15

0.15

0.85

Table 5.6:

𝑎1 , 𝑎2
𝑠1′

𝑠2′

𝑠1

𝑠2

0.5

0.5

0.5

0.5

The Tiger Problem transition probabilities.

The observation probabilities are:

𝑎0
𝑠1

Table 5.7:

𝑠2

𝑧1

𝑧2

0.85

0.15

0.15

0.85

The Tiger Problem observation probabilities.

And the immediate rewards are defined as:
𝑇(𝑠1 , 𝑎0 ) = 𝑇(𝑠2 , 𝑎0 ) = −1

𝑇(𝑠1 , 𝑎1 ) = 𝑇(𝑠2 , 𝑎2 ) = −100
𝑇(𝑠1 , 𝑎2 ) = 𝑇(𝑠2 , 𝑎1 ) = 10
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Fig.5.6 shows the transition graph of the problem:
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𝑠2

0,15

𝑎0
𝑟(𝑠2 , 𝑎0 , 𝑠2′ )=-1
0,85

0,

Figure 5.6:

Transition graph for the tiger problem.

Note that the belief state in this problem can be defined as 𝑏 = �𝑏(𝑠1 ), 𝑏(𝑠2 )�

where 𝑏(𝑠1 ) + 𝑏(𝑠2 ) = 1; and 𝑏(𝑠1 ), 𝑏(𝑠2 ) indicate the probability of the tiger is

behind a door or another. Therefore, the belief state of this problem is one-

dimensional and it can be represented by a straight line, because its state
space is composed by two possible states. Fig5.7 represents the belief state
particularized for 𝑠1 ; noting that knowing 𝑏(𝑠1 ), we have all the belief state

defined by means of 𝑏 = �𝑏(𝑠1 ), 1 − 𝑏(𝑠1 )�. On the far left of the straight line, the
probability of finding the tiger behind the left door is zero, so the tiger is

expected behind the right door. Similarly, at the right end of the line, the
probability of finding the tiger behind the left door is equal to one, so the tiger is
expected behind that door.

𝑠2

Figure 5.7:

0

𝑏(𝑠1 )

𝑠1
1

Belief state of a POMDP system with two states.

As far as the value functions is concerned, it is important to remark that the
finite horizon value function is always piecewise linear and convex (PWLC) for
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𝑧1

𝑧2

every horizon length [26], thus it is composed by a finite of linear segments
(planes in the case of problems with three states or hyper-planes in problems
with more than three states) that make up the value function.

Planning horizon H=1
The first horizon is easy to obtain because there are only three possible
situations to be taken into account; those are: agent listens, agent opens left
door or agent opens the right one. Furthermore, the only thing that can be
expected by the agent is to get the immediate reward of performing one action.
Since we do not know a priori what the agent is going to do, and where the tiger
is located, the only thing that can be done is to calculate the expected reward
associated to each action.

𝑇(𝑏, 𝑎0 ) = 𝑏(𝑠1 )𝑇(𝑠1 , 𝑎0 ) + 𝑏(𝑠2 )𝑇(𝑠2 , 𝑎0 ) = −𝑏(𝑠1 ) − 𝑏(𝑠2 ) = −1

𝑇(𝑏, 𝑎1 ) = 𝑏(𝑠1 )𝑇(𝑠1 , 𝑎1 ) + 𝑏(𝑠2 )𝑇(𝑠2 , 𝑎1 ) = −100𝑏(𝑠1 ) + 10𝑏(𝑠2 )
𝑇(𝑏, 𝑎2 ) = 𝑏(𝑠1 )𝑇(𝑠1 , 𝑎2 ) + 𝑏(𝑠2 )𝑇(𝑠2 , 𝑎2 ) = 10𝑏(𝑠1 ) − 100𝑏(𝑠2 )

Thus the value function at first horizon is composed by the expected payoff of
taking one action.
−1
𝑉1 (𝑏) = max �−100𝑏(𝑠1 ) + 10𝑏(𝑠2 )�
𝑎∈𝒜
10𝑏(𝑠1 ) − 100𝑏(𝑠2 )
Fig.5.8 shows the expected reward of each action and the value function for first
horizon. Thus the optimal policy for this horizon can be defined as:

𝑎1 𝑤𝑓 𝑏(𝑠1 ) < 0.1
𝜋1∗ (𝑏, 𝑎) = �𝑎0 𝑤𝑓 0.1 < 𝑏(𝑠1 ) < 0.9
𝑎2 𝑜𝑡ℎ𝑠𝑇𝑤𝑤𝑠𝑠
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Figure 5.8:
H=1.

Tiger problem value function and expected rewards for horizon

Planning horizon H=2
Recall that in horizon length one, the agent has not taken any measurement so
the belief state remain the same. Obviously, measurements add new
information about the state, changing the belief about where the tiger is located
and improving the expected reward by the agent and the value functions too.

•

First assume agent takes 𝑧1 measurement:
-

The tiger can be behind left door so:
𝑏(𝑠1 |𝑧1 ) =

-

𝑏(𝑧1 |𝑠1 )𝑏(𝑠1 ) 0.85𝑏(𝑠1 )
=
𝑏(𝑧1 )
𝑏(𝑧1 )

Or behind the other one:
𝑏(𝑠2 |𝑧1 ) =

𝑏(𝑧1 |𝑠2 )𝑏(𝑠2 ) 0.15𝑏(𝑠2 )
=
𝑏(𝑧2 )
𝑏(𝑧1 )

where 𝑏(𝑧1 ) = 0.85𝑏(𝑠1 ) + 0.15𝑏(𝑠2 ) is the normalizing factor.
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Before proceeding, take a look to Fig.5.9. This represents the belief after
observing 𝑧1 as a function of the belief before observing, and assuming the tiger

is behind left door. Note that if 𝑏(𝑠1 ) = 0 then 𝑏(𝑠1 |𝑧) = 0

regardlees the

observation, and the same occurs when 𝑏(𝑠1 ) = 1; nevertheless in between, the

belief changes as a consequence of the measurement taken [27]. Recall that, in
spite

of

receiving

negative

immediate

reward

for

each

observation,

measurements provide information in order to improve the knowledge about the
environment; and of course, it changes the belief. In other words, agent learns
changing its belief about the world, and this is carried out by means of the
observations.

Figure 5.9:

Belief after observing as a function of belief before sensing.

So the value function when 𝑧1 has been observed before taking an action is:
𝑉1 (𝑏|𝑧1 ) =

−0.85𝑏(𝑠1 ) − 0.15𝑏(𝑠2 )
1
−100
∙ 0.85𝑏(𝑠1 ) + 10 ∙ 0.15𝑏(𝑠2 )�
max �
𝑏(𝑧1 ) 𝑎∈𝒜
10 ∙ 0.85𝑏(𝑠1 ) − 100 ∙ 0.15𝑏(𝑠2 )
−0.85𝑏(𝑠1 ) − 0.15𝑏(𝑠2 )
1
max �−85𝑏(𝑠1 ) + 1.5𝑏(𝑠2 ) �
=
𝑏(𝑧1 ) 𝑎∈𝒜
8.5𝑏(𝑠1 ) − 15𝑏(𝑠2 )
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•

Analogously to the above, we can get the value function when 𝑧2 has been
observed before taking an action as:
𝑉1 (𝑏|𝑧1 ) =

−0.15𝑏(𝑠1 ) − 0.85𝑏(𝑠2 )
1
max �−15𝑏(𝑠1 ) + 8.5𝑏(𝑠2 ) �
𝑏(𝑧2 ) 𝑎∈𝒜
1.5𝑏(𝑠1 ) − 85𝑏(𝑠2 )

But the agent has two possible observations, so the value function after
observing has to be an expectation between 𝑉1 (𝑏|𝑧1 ) and 𝑉1 (𝑏|𝑧2 ) given by

(5.15). And its graphical representation before pruning is exposed in Fig.5.10

2

𝑉1 (𝑏|𝑍) = � 𝑏(𝑧𝑖 )𝑉1 (𝑏|𝑧𝑖 )
𝑖=1

−0.85𝑏(𝑠1 ) − 0.15𝑏(𝑠2 )
= max �−85𝑏(𝑠1 ) + 1.5𝑏(𝑠2 ) �
𝑎∈𝒜
8.5𝑏(𝑠1 ) − 15𝑏(𝑠2 )
−0.15𝑏(𝑠1 ) − 0.85𝑏(𝑠2 )
+ max �−15𝑏(𝑠1 ) + 8.5𝑏(𝑠2 ) �
𝑎∈𝒜
1.5𝑏(𝑠1 ) − 85𝑏(𝑠2 )

−𝑏(𝑠1 ) − 𝑏(𝑠2 )
⎧
⎫
−15.85𝑏(𝑠1 ) + 8.35𝑏(𝑠2 )
⎪
⎪
⎪0.65𝑏(𝑠1 ) − 85.15𝑏(𝑠2 ) ⎪
⎪−85.15𝑏(𝑠1 ) + 0.65𝑏(𝑠2 )⎪
= max −100𝑏(𝑠1 ) + 10𝑏(𝑠2 )
𝑎∈𝒜 ⎨
−83.5𝑏(𝑠1 ) − 83.5𝑏(𝑠2 ) ⎬
⎪
⎪
⎪8.35𝑏(𝑠1 ) − 15.85𝑏(𝑠2 ) ⎪
⎪−6.5𝑏(𝑠1 ) − 6.5𝑏(𝑠2 )
⎪
⎩10𝑏(𝑠1 ) − 100𝑏(𝑠2 )
⎭
−1
⎧−15.85𝑏(𝑠 ) + 8.35𝑏(𝑠 )⎫
1
2 ⎪
⎪
= max −100𝑏(𝑠1 ) + 10𝑏(𝑠2 )
𝑎∈𝒜 ⎨
)
) ⎬
⎪8.35𝑏(𝑠1 − 15.85𝑏(𝑠2 ⎪
⎩10𝑏(𝑠1 ) − 100𝑏(𝑠2 )
⎭
(5.15)
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Figure 5.10: Tiger problem value function after sensing.

Before concluding, we have to evaluate how the belief changes according to
each action. This is directly related with state transitions, because when agent
selects an action, tiger changes its state. Suppose a discount factor given by
𝛾 = 0.75.
•

Suppose agent selects listen:
-

The probability of tiger is behind the left door, when listen has been
the selected action is:

-

𝑏(𝑠1′ |𝑎0 ) = 𝑏(𝑠1 )𝒯(𝑠1 , 𝑎0 , 𝑠1′ ) + 𝑏(𝑠2 )𝒯(𝑠2 , 𝑎0 , 𝑠1′ ) = 𝑏(𝑠1 )

Analogously, the probability of tiger is behind the right door, when
listen has been the selected action is:
𝑏(𝑠2′ |𝑎0 ) = 𝑏(𝑠1 )𝒯(𝑠1 , 𝑎0 , 𝑠2′ ) + 𝑏(𝑠2 )𝒯(𝑠2 , 𝑎0 , 𝑠2′ ) = 𝑏(𝑠2 )
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So the value function associated to this prediction is 𝑉1 (𝑏|𝑎0 ) = 𝑉1 (𝑏|𝑍) only for

this particular case. And applying discount parameter, we can project this value
function from horizon length one to horizon length two:
−0.75
⎧−11.8875𝑏(𝑠 ) + 6.2625𝑏(𝑠 )⎫
1
2 ⎪
⎪
𝑉2 (𝑏|𝑎0 ) = 𝛾𝑉1 (𝑏|𝑍) = max −75𝑏(𝑠1 ) + 7.5𝑏(𝑠2 )
𝑎∈𝒜 ⎨
)
) ⎬
⎪6.2625𝑏(𝑠1 − 11.8875𝑏(𝑠2 ⎪
⎩7.5𝑏(𝑠1 ) − 75𝑏(𝑠2 )
⎭
•

Analogously, suppose agent selects open left door. The beliefs associated
to each terminal state are:
𝑏(𝑠1′ |𝑎1 ) = 𝑏(𝑠1 )𝒯(𝑠1 , 𝑎1 , 𝑠1′ ) + 𝑏(𝑠2 )𝒯(𝑠2 , 𝑎1 , 𝑠1′ ) = 0.5𝑏(𝑠1 ) + 0.5𝑏(𝑠2 )
= 0.5

𝑏(𝑠2′ |𝑎1 ) = 𝑏(𝑠1 )𝒯(𝑠1 , 𝑎1 , 𝑠2′ ) + 𝑏(𝑠2 )𝒯(𝑠2 , 𝑎1 , 𝑠2′ )
= 0.5𝑏(𝑠1 ) + 0.5𝑏(𝑠2 ) = 0.5

So surprising, beliefs are reset when 𝑎1 is executed. And the same occurs with

𝑎2 . In other words, all the prior knowledge acquired by means of the

observations, will be lost when agent opens a door and beliefs will become
uniform or flat. So:

𝑉2 (𝑏|𝑎1 ) = 𝑉2 (𝑏|𝑎2 )

−𝑏(𝑠1 ) − 𝑏(𝑠2 )
⎧
⎫
⎪−15.85�0.5𝑏(𝑠1 ) + 0.5𝑏(𝑠2 )� + 8.35�0.5𝑏(𝑠1 ) + 0.5𝑏(𝑠2 )�⎪
= 𝛾 max −100�0.5𝑏(𝑠1 ) + 0.5𝑏(𝑠2 )� + 10�0.5𝑏(𝑠1 ) + 0.5𝑏(𝑠2 )�
𝑎∈𝒜 ⎨
⎬
8.35𝑏�0.5𝑏(𝑠1 ) + 0.5𝑏(𝑠2 )� − 50.85�0.5𝑏(𝑠1 ) + 0.5𝑏(𝑠2 )�
⎪
⎪
⎩10𝑏�0.5𝑏(𝑠1 ) + 0.5𝑏(𝑠2 )� − 135�0.5𝑏(𝑠1 ) + 0.5𝑏(𝑠2 )�
⎭

= −0.75
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•

And finally, all we have to do is to apply the corresponding rewards for each
of the value function ( 𝑉2 (𝑏|𝑎0 ), 𝑉2 (𝑏|𝑎1 ) and 𝑉2 (𝑏|𝑎2 )) and prune the result:

−1.75
⎧−12.8875𝑏(𝑠 ) + 5.2625𝑏(𝑠 )⎫
−1.75
1
2
⎪
⎪
⎧−12.8875𝑏(𝑠 ) + 5.2625𝑏(𝑠 )⎫
⎪−76𝑏(𝑠1 ) + 6.5𝑏(𝑠2 )
⎪
1
2 ⎪
⎪
𝑉2 (𝑏) = max 5.2625𝑏(𝑠1 ) − 12.8875𝑏(𝑠2 )
= max 5.2625𝑏(𝑠1 ) − 12.8875𝑏(𝑠2 )
𝑎∈𝒜 ⎨
⎬ 𝑎∈𝒜 ⎨−100.75𝑏(𝑠 ) + 9.25𝑏(𝑠 )
⎬
6.5𝑏(𝑠1 ) − 76𝑏(𝑠2 )
1
2
⎪
⎪
⎪−100.75𝑏(𝑠 ) + 9.25𝑏(𝑠 )
⎪
⎩9.25𝑏(𝑠1 ) − 100.75𝑏(𝑠2 )
⎭
⎪
⎪
1
2
⎩9.25𝑏(𝑠1 ) − 100.75𝑏(𝑠2 )
⎭
Note that we do not have to add any other equation from horizon 𝐻 = 1 into

𝑉2 (𝑏), because there is not any terminal action in this problem. Fig.5.11 graphs
the resulting 𝑉2 (𝑏) without pruning, and the optimal policy for horizon 𝐻 = 2 is:
𝑎0 𝑤𝑓 𝑏(𝑠1 ) < 0.3864
𝑎 𝑤𝑓 0.3864 < 𝑏(𝑠1 ) < 0.6136
𝜋2∗ (𝑏, 𝑎) = 1
⎨𝑎0 𝑤𝑓 0.6136 < 𝑏(𝑠1 ) < 0.9566
⎩𝑎2 𝑜𝑡ℎ𝑠𝑇𝑤𝑤𝑠𝑠
⎧

Figure 5.11: Tiger problem value function for horizon
H=2.
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Of course, we can repeat all the process in order to get solutions for further
horizons. In fact, the problem converges when 𝐻 = 80 providing the optimal

policy. Therefore, when 𝐻 = 80, the agent cannot increase its knowledge about

the environment, and of course the value function does not improve. That is
when the problem ends and when the agent finds out the real optimal policy,
regardless the horizon. So the optimal policy for this problem is (5.16) and the
value function for horizon 𝐻 = 80 is shown in Fig.5.12.

𝑎1 𝑤𝑓 𝑏(𝑠1 ) < 0.0526
𝜋 ∗ (𝑏, 𝑎) = �𝑎0 𝑤𝑓 0.0526 < 𝑏(𝑠1 ) < 0.9474
𝑎2 𝑜𝑡ℎ𝑠𝑇𝑤𝑤𝑠𝑠

(5.16)

Figure 5.12: Tiger problem final value function.

Finally, Fig.5.13 exposes a graphical representation of the value functions from 𝐻 = 1

to 𝐻 = 7. Note that in each horizon, the value function tries to increase its value,

especially in places where the level of certainty about the state of the tiger is higher (ie

at the extremes of the belief). Moreover the degree of segmentation of value functions
increase with the horizon due to the division over the belief, carried out by the agent in
its learning process; in other words, the agent selects one or another action according
with the level of certainty about the state of the tiger.
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Figure 5.13: Tiger problem value functions evolution.

5.3.4 The Machine-Maintenance Problem
As discussed above, the number of states of a POMDP problem
determines the size of the belief; and therefore, the size of value functions too.
For instance, the number of states in the tiger problem was two, so its belief
state was 1-D and its value functions were composed by piecewise linear
segments. There are also three state problems with 2-D beliefs and value
functions composed by piecewise planes; and of course, we will find in real life,
𝑁-state problems with 𝑁 − 1 dimensional beliefs and piecewise hyper-planes

value functions, where it will be impossible to obtain complete graphical
representations.

Here we present several results for the three states Machine-Maintenance
problem, exposed by Smallwood and Sondik in 1973 [28], so as to illustrate the
effect of considering higher dimensions.
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Without going into too much detail, this problem has three possible states
corresponding to zero (𝑠1 ), one (𝑠2 ), or two internal components that have

failed (𝑠3 ). The set of action 𝒜 is composed by manufacture (𝑎1 ), examine

(𝑎2 ), inspect (𝑎3 ) and replace (𝑎4 ). Finally, the set of observations 𝒵 is

nondefective (𝑧1 ), and defective (𝑧2 ). When factor discount is 𝛾 = 0.99, the
value function for planning horizon 𝐻 = 9 with each action associated to each

expected reward is:

6.1268𝑏(𝑠1 ) + 3.8037𝑏(𝑠2 ) + 2.3904𝑏(𝑠3 )
⎧
⎪5.8596𝑏(𝑠1 ) + 3.5067𝑏(𝑠2 ) + 2.9220𝑏(𝑠3 )
𝑉9 (𝑏) = max 5.5998𝑏(𝑠1 ) + 3.3450𝑏(𝑠2 ) + 3.0093𝑏(𝑠3 )
𝑎∈𝒜 ⎨
⎪5.1453𝑏(𝑠1 ) + 4.1543𝑏(𝑠2 ) + 3.1543𝑏(𝑠3 )
⎩3.6543𝑏(𝑠1 ) + 3.6543𝑏(𝑠2 ) + 3.6543𝑏(𝑠3 )

(𝑎1 )
⎫
(𝑎2 )⎪
(𝑎2 )
(𝑎3 )⎬
⎪
(𝑎4 )⎭

Thereby, the expected reward of each action, the value function 𝑉9 (𝑏) and the

optimal schedule regions are exposed in Fig.5.14, Fig.5.15 and Fig.5.16
respectively. Where colors red, yellow, cyan, and blue in Fig.5.16 mean select
𝑎4 , 𝑎3 , 𝑎2 , or 𝑎1 respectively.

Figure 5.14: Maintenance-Machine problem expected rewards H=9.
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Figure 5.15: Maintenance-Machine problem value function H=9.

Figure 5.16: Maintenance-Machine problem optimal schedule regions
H=9.
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5.3.5 Policy Graphs
Policy graphs are commonly used in POMDP in order to represent
optimal policies. It can be understood as a generalization of the MDP mapping
concept. A policy graph operates as follows: the agent chooses one action
associated with the starting node, and then, depending on which observation it
makes, the agent makes a transition to the appropriate node. Note that the
current node of the policy graph summarizes all the prior knowledge acquired
and it is going to determine future actions to perform.

The policy graph for the tiger problem shown in Fig.5.17, is going to be used
just to illustrate this concept. This policy graph has been obtained by means of
the Cassandra’s software that is based upon Witness Algorithm [29].

Problem starts in central node where agent listens. If tiger is listened behind left
door, the agent enters in the lower right node and listens again. If agent listens
tiger behind left door again (it has listened tiger on the left for twice) then agent
opens the right door and the process is restarted; otherwise, agent has listened
tiger on the left for once and tiger on the right for another once, so it goes back
into central node for listening again.

Open right
door

Open left
door
𝒉𝒉𝒉𝒉 𝒓𝒓𝒓𝒓𝒓
𝒛𝟐
𝑳𝑳𝑳𝑳𝑳𝑳
𝒂𝟎

𝒂𝟐

𝒂𝟏

𝒉𝒉𝒉𝒉 𝒓𝒓𝒓𝒓𝒓
𝒛𝟐

𝑳𝑳𝑳𝑳𝑳𝑳
𝒂𝟎

𝒉𝒉𝒉𝒉 𝒍𝒍𝒍𝒍
𝒛𝟏

𝒉𝒉𝒉𝒉 𝒍𝒍𝒍𝒍
𝒛𝟏

𝒉𝒉𝒉𝒉 𝒓𝒓𝒓𝒓𝒓
𝒛𝟐

Figure 5.17: Tiger problem policy graph.
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𝒉𝒉𝒉𝒉 𝒍𝒍𝒍𝒍
𝒛𝟏
𝑳𝑳𝑳𝑳𝑳𝑳
𝒂𝟎

5.4

NON-MYOPIC

ADAPTIVE

CONTROL

FOR

RADAR

TRACKING.

Once we have acquired the needed background in previous sections, here we
expose an optimal waveform selection for radar tracking based upon non-myopic
adaptive control or multistep-ahead scheduling. A non-myopic adaptive control differs
from a myopic adaptive control in that uses the current observations of the environment
to select the most appropriate waveform to transmit in the future.

But before proceeding, we have to remark that as far as radar tracking is concerned,
the agent (the radar platform in this case) does not act over the state of the
environment (the state of the target in this case); in fact, the only thing that agent is
able to do, is to select a waveform in order to get a better sense of the target state; but
this, does not imply any state transition of the target.

Furthermore, another important question arises: How can we assign rewards as a
function of the target state and the transmitted waveform?. Recall that rewards in
POMDP are functions which values are dependent of the actual state, the action
performed by the agent; and sometimes, dependent of the final state of the
environment too. Therefore, the problem we want to raise, as well as other problems
related to surveillance, cannot be solved with what we know so far about the
conventional POMDP, because what we really need is to design a reward directly
based on the knowledge that the agent has about the state of the target.

5.4.1 Belief-Dependent Rewards
As mentioned above, there are problems whose explicit goal is to
reduce the uncertainty on the state. So it is necessary to introduce a reward
function that depends on the belief state. This key idea is covered by 𝜌POMDP

[30] which can be considered as a POMDP extension.
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Since the objective now is to avoid beliefs that do not give much information
about the actual state of the target, and to assign higher rewards to those
beliefs with high certainty about what the target state is, equation (5.12) is
discarded and we introduce a new one based upon Shannon’s Entropy
Function (5.17):
𝜌(𝑏, 𝑎) = � 𝑏(𝑠)𝑙𝑜𝑎[𝑏(𝑠)]
𝑠∈𝒮

(5.17)

where 𝑏(𝑠)𝑙𝑜𝑎[𝑏(𝑠)] is set to zero when 𝑏(𝑠) is sufficiently small,

and it is maximum when entropy is minimized, which means high
rewards close to the belief extremes. Note that although any action term
appears in the new reward expression, it results obvious that the belief
in present epoch is implicitly dependents on the waveform transmitted in
prior epoch; and this fact, will be taken into account by the adaptive
control.

However, although the function (5.17) is convex (which is needed to construct
POMDP convex value functions), is not piecewise linear with the belief, so we
will follow approach described in [31, 32, 33]:
𝜌(𝑶) = 𝑶′ 𝑶 − 𝟏

(5.18)

This function can be rewritten as 𝜌(𝑶) = 𝑺′ (𝑶)𝑶 where 𝑺(𝑶) = 𝑶 − 𝟏. Now we

take 𝑅 points in the simplex 𝒫 = {𝑶: 𝟏′ 𝑶 = 1, 𝑏𝑖 > 0∀𝑤 } and since that the

tangent at point 𝑶𝑗 is the line 𝑺′𝑗 𝑶 where 𝑺𝑗 = 2𝑶𝑗 − �𝟏 + 𝑶𝑗′ 𝑶𝑗 �𝟏, we can rewrite
the reward function as:

𝜌(𝑶) = max 𝑺′𝑗 𝑶
𝑗=1…𝑅

(5.19)
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In other words, we have approximated the expression (5.18) by means of
tangent hyperplanes (see Fig.5.18, Fig.5.19, and Fig.5.20) in order to get a
PWLC function.
Finally, the optimal policy will be given by:
∞

𝜋 = 𝑎𝑇𝑎 max 𝐸 �� 𝛾 𝑘 max 𝑺′𝑗 𝑶 (𝑘)�
∗

𝜋

𝑘=0

𝑗

(5.20)

Figure 5.18: 1-D Belief-dependent reward approached by tangent lines
and resulting value function.
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Figure 5.19: 2-D Belief-dependent reward approached by tangent
planes.

Figure 5.20: 2-D resulting Belief-dependent reward.
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5.4.2 Problem Formulation
Assume we divide the area covered by a radar station into a rangeDoppler grid, with cells in range and Doppler indexed respectively by 𝜏 =
1,2, … , 𝑁 and 𝜈 = 1,2, … , 𝑀. Thus supposing the existence of a target within the
coverage area, it would be present just in one of 𝑀𝑁 possible states.

So as seen above, we can define a transition probability matrix as 𝑻 =
�𝜏�𝑠𝑗 , 𝑠𝑖 ��

𝑠𝑖 ,𝑠𝑗 ∈𝒮

where 𝜏�𝑠𝑗 , 𝑠𝑖 � = 𝑃 𝑇�𝑆𝑘+1 = 𝑠𝑗 |𝑆𝑘 = 𝑠𝑖 � ∀𝑠𝑖 , 𝑠𝑗 ∈ 𝒮; and recalling

that here, the action performed by the agent does not affects to the target state.

Analogously, we can define a measurement probability matrix as 𝑶(𝑺𝑘 ) =

�𝒪�𝑺𝑘 , 𝑠𝑖 , 𝑧𝑗 ��

𝑠𝑖 ∈𝒮,𝑧𝑗 ∈𝒵

𝒪�𝑺𝑘 , 𝑠𝑖 , 𝑧𝑗 � = 𝑃 𝑇�𝑍𝑘+1 = 𝑧𝑗 |𝑆𝑘 = 𝑠𝑖 , 𝑺𝑘 � ∀𝑠𝑖 ∈

where

𝒮, 𝑧𝑗 ∈ 𝒵 and 𝐴𝑘 is any of the waveforms included in the radar library transmitted
at time step 𝑘.

� �𝑺𝑘 , 𝑧𝑗 � be the diagonal matrix with vector �𝒪�𝑺𝑘 , 𝑠𝑖 , 𝑧𝑗 ��
Let 𝑶

𝑠𝑖 ∈𝒮,𝑧𝑗 ∈𝒵

the non-

zero elements, then we can find an expression equivalent to (5.10) in matrix
notation:
𝑶𝑘+1 =

� (𝑺𝑘 , 𝑍𝑘+1 )𝑻𝑶𝑘
𝑶
� (𝑺𝑘 , 𝑍𝑘+1 )𝑻𝑶𝑘
𝟏′𝑶
(5.21)

where 𝟏 is a column vector of ones.

And finally, the goal is to find the optimal control policy 𝜋 ∗ that satisfies:
𝑉

∗ (𝑶)

∞

= max 𝐸 �� 𝛾 𝑘 𝜌(𝑶𝑘 , 𝑺𝑘 )�
𝜋

𝑘=0

(5.22)
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5.4.3 Radar Tracking Measurement Probabilities
Here we are going to assume the model given by [34] where targets
have a Swerling 1 distribution and noise is additive, white and Gaussian with
known power. According with that model, the output of a matched filter is a
zero-mean complex Gaussian with variance 𝜎02 , when no target is present; and

𝜎12 , in the opposite case:

𝜎02 = 2𝑁0 𝜉

(5.23)

𝜎12 = 2𝑁0 𝜉 + 2𝜎𝐴2 𝜉 2 𝜒(𝜏, 𝜈)

(5.24)

where 𝑁0 is the known ambient noise power, 𝜉 is the energy of the

transmitted waveform, 𝜎𝐴2 is the variance of the amplitude of the target return
and 𝜒 is the AF described in Chapter 2.

Supposing all the waveforms are transmitted with the same energy, we can
calculate the probability of detection and false alarm in a cell (𝜏, 𝜈), and
particularized by a detection threshold 𝐷, respectively as:
𝑃𝑑𝜏,𝜈 =

𝐷
1
�
𝑠𝑥𝑝 �− 2 � 𝑑𝜏𝑟 𝑑𝜈𝑟
|𝑅| 𝜏𝑟 ,𝜈𝑟 𝜖𝑅
2𝜎1
(5.25)

𝑃𝑓𝜏,𝜈 = 𝑠𝑥𝑝 �−
(5.26)

𝐷
�
2𝜎02

where 𝑅 is the resolution cell centred on (𝜏, 𝜈) with volume |𝑅|.
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Thus finally, 𝒪�𝑺𝑘 , 𝑠𝑖 , 𝑧𝑗 � is the product of 𝑃𝑑𝜏,𝜈 and 𝑃𝑓𝜏,𝜈 over the cell (𝜏, 𝜈)

corresponding to 𝑠𝑖 , by the independence assumption.

5.4.4 Results and Simulations
Now suppose we have divided the coverage area of airspace in a grid
comprising three range-Doppler cells; and each one of these cell, determines a
particular target state. Furthermore, assume three possible measurements can
be performed for each state; and the radar library count with four different
waveforms. Following these premises, the set of states, observations and
actions can be defined respectively as: 𝒮 = {𝑠1 , 𝑠2 , 𝑠3 }; 𝒵 = {𝑧1 , 𝑧2 , 𝑧3 }; 𝒜 =
{𝑎1 , 𝑎2 , 𝑎3 , 𝑎4 }.

The transition probability matrix is:
0.95
𝑻 = �0.02
0.03

0.01
0.95
0.04

0.05
0.05�
0.9

And Table 5.8 determines the measurement probabilities:

𝑧1

𝑠1

𝑧2

𝑧3

𝑧1

𝑠2

𝑧2

𝑧3

𝑧1

𝑠3

𝑧2

𝑧3

𝑎1

0.98

0.01

0.01

0.02

0.01

0.97

0.01

0.02

0.97

𝑎3

0.96

0.01

0.03

0.04

0.93

0.03

0.96

0.03

0.01

𝑎2
𝑎4

0.95
0.96

Table 5.8:
control.

0.04
0.01

0.01
0.03

0.03
0.02

0.93
0.04

0.04
0.94

0.01
0.98

0.98
0.01

0.01
0.01

Measurement probabilities for non-myopic adaptive
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The Fig.5.21 shows the optimal schedule regions gained for horizon length
𝐻 = 3. Colors blue, yellow and red correspond with actions 𝑎1 , 𝑎3 , and 𝑎4

respectively. Simulation results for farther horizons are not included in this work,
because the computational costs become prohibitive with the developed
software.

Figure 5.21: The optimal schedule regions for H=3, radar
tracking problem

5.5

CONCLUSIONS

This chapter has addressed the problem about optimal waveform selection for
radar tracking, through non-myopic or multi-step-ahead perspectives. Specifically, we
focused on POMDP to reach those goals.

One of the important differences in the solution proposed in this chapter with the
previous one; apart from the matter relative to horizon solution, in the previous chapter
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we proposed an optimal waveform selection with design online; whereas this present
chapter proposes only a selection of

the most appropriate waveform to transmit

without performing any optimization of the waveform parameters.

It is also important to remark that there are free software tools that can be used to
solve conventional POMDP problems. Nevertheless, there is not any available tool in
order to pose and solve 𝜌POMDP, or POMDP with belief dependent rewards problems.

So we have had to develop our own software to solve the optimal waveform selection
problem, from a non-myopic perspective. Another problem we encountered is the high
computational cost for getting horizon solutions greater than H = 3. There is no doubt
about the need of improving the developed software in order to provide faster solutions
for farther horizons. Also we will have to include within the software, another
application for comparing the reduction of uncertainty in the state estimation, between
one system without optimal waveform selection; and another one, with POMDP control.

Finally, there is no doubt about the great potential of the POMDP perspective, since it
can applied to many engineering fields and others too, without any relationship with
the topic of this paper.
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Chapter 6
1.

CONCLUSIONS

The AF studied in the first chapter has been useful to understand the effect of
the transmitted waveforms in the target state estimate. One of the most
important conclusions has been to verify the Heisenberg’s Uncertainty Principle,
since it is impossible to obtain improvements in range and velocity resolutions
at the same time, by tuning the parameters of a particular waveform. In other
words, there will always be a tradeoff between Doppler and delay resolutions.

Several tracking filters have been exposed in second chapter. In particular, we
have focused on KF and EKF. We found that EKF could be useful for solving
tracking problems in nonlinear systems. However, we understood that EKF
presents serious limitations when it is included in systems with strong
nonlinearities. So we proposed the application of other techniques that have not
been addressed in this work, as UKF and particle filters.

The linear system with KF developed in second chapter, did result really useful
in chapter four. Here we implemented an optimal waveform selector for radar
tracking with online parameters design and based upon greedy, myopic or onestep-ahead approaches. Furthermore, two different controls were applied: one
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of them was based on MMSTE; and the other one, on MVGV. Finally, we
revealed the importance of pre-design phase of the waveform library and the
need to avoid the inclusion of redundant or un-useful waveforms, in order to not
be penalized with needless computational costs.

The fifth chapter addressed the problem about optimal waveform selection for
radar tracking, in a completely different way. Particularly, it is focused on nonmyopic or multi-step-ahead approaches. At first we thought we could address
the problem by applying the theory described in the conventional POMDP, but
soon we understood that it makes no sense to assign rewards according to the
state of the target; and furthermore, there were not any free software to solve
the problem. We needed to go further, and the only way for solving the
addressed problem was assigning rewards according with the reduction of the
target state uncertainty. In other words, we needed to use belief-dependent
rewards by means of an extension of the conventional POMDP known as
𝜌POMDP. Studying 𝜌POMDP, we found an expression that is an approximation

of the Shannon’s Entropy Function; furthermore, it could result really useful

because it satisfies the property of convexity. Nevertheless it is not piecewise
linear, so we had to approximate it by means of tangent hyperplanes. Finally,
we developed a software toll based on all these ideas and concepts, and we
solved the problem for horizon length H=3.

6.1

FUTURE RESEACH

Recall that in third chapter, we provided two different solutions for the optimal
waveform selection for radar tracking problem, particularized in linear systems
and based on one-step-ahead approach. This work could be extended to
nonlinear systems applying UFK or particle filters. Furthermore, we could use
different measurement vectors and include more waveform into the library,
calculating the corresponding measurement covariance matrix.
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As it was said before, there is not any available software tool in order to pose
and solve 𝜌POMDP, or POMDP with belief dependent rewards. So we have

had to develop our own software in the fifth chapter. The fact is that the
computational cost beyond horizon length H = 3 is unsustainable, so we need to
improve the software to get results for farther horizons. Furthermore, the
mentioned software should be able to compare the uncertainty of state
estimation evolution, between systems operating in a different way.

The background acquired in POMDP and 𝜌POMDP can be really useful to

address the solution of different problems to those raised in this paper. In fact,
the great potential offered by the POMDP approach proves that it can applied
to many engineering fields without any relationship with the topic of this paper
(the tiger, the recycling robot and the maintenance-maintenance problems
which have been proposed in fifth chapter are evidence of this point).

Finally, this paper is focused on a single target tracking, so other topics such
detection and tracking with multiple targets, or any development of these
applications with MIMO radar, could be interesting extensions of this paper.
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